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Anderson localization in Euclidean random matrices
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We study the spectra and localization properties of Euclidean random matrices defined on a random graph.
We introduce a powerful method to find the density of states and the localization threshold in topologically
disorderedoff-lattice) systems. We solve numerically an equat{eract on the random grapfor the prob-
ability distribution function of the diagonal elements of the resolvent matrix, with a population dynamics
algorithm (PDA). We show that the localization threshold can be estimated by studying the stability of a
population of real resolvents under the PDA. An application is given in the context of the instantaneous normal
modes of a liquid.
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About forty years ago, Andersérshowed that disorder densed systems with many interacting particles, as in our
can turn a system expected to be a metal from band theoryase. ERMs appear in the study of disordembavave
into an insulator. Thus was born the difficult problem of superconductor®, disordered magnetic semiconductdrs
Anderson localizatiof-® The physical picture is the follow- (very similar to a spin-glass mod8l, INMs in liquidst
ing. In a pure system, states are described by BlocRyy aiions in glasse¥ the gelation transition in polymetS,

wave functions. Disorder divides the energy band into localy, yinrations in DNA Also, theoretical studies have been
ized regions (wave functions extending over a limited carried oul

number of unit cellsand extended regionsvave functions ; ) . . . .
are plane-wave-like, involving an extensive number of sites ~ Consider a translationally invariant system with potential
The energy marking this division is called thebility edge ~ €nergyH[X]=2iju(X-x;) [wherev(x) is the pair potentid!
or localization threshold If the Fermi level lies in the When dealing with high frequencié$, it is enough
localized region, transport is strongly hampered. Thisto consider harmonic vibrations around the oscillation
problem has been much studied in electronic systems, wherenters X°. We thus face the Hessian matrid;, ;,[X°]
several numerical techniques combined with finite-size= —vw()zf—ich@jﬁﬁlzlvuy(if—iﬁ), wherev,,,(X) is the sec-
scaling allow precise determination of the mobility edge. ony derivative matrix ob(X). Translational invariancémo-
Yet, few analytical calculations of a localization threshold T

mentum conservationmplies that the sum of all elements

are availablé:’ Given the large variety of systems described. . 0 h bability densitv f :
by random matrice$,Anderson localization is significant " @ oW Is zero. Once the probability density function

beyond the physics of disordered metals. In this Brief ReporfPPP) of the oscillation centersP[X], is specified; the
we focus on the calculation of the mobility edge for Euclid- study of the spectral properties of the Hessian is a problem
ean random matric®s(ERMs), which we illustrate in a in ERM theory? In the context of supercooled liquids,
calculation of liquid instantaneous normal mod&$Ms).1°  three types ofP[x°] are usually considered: equilibrium
The entries of a ERM are deterministic functions Ofconfigurations“NMs),lo minima (inherent structurgs or
(random particle positions. These systems lack a referencetationary points of the potential enerfyHere we restrict
lattice, so other approximation methods are needed, evegitention to localization properties of eigenvectors in
for the calculation of the density of statés? For the  the |NM case with an emphasis on negative eigenvalues.
mobility edge, heuristic estimatésometimes it is identified ¢ temperature evolution of this part of the spectrum

with the loffe-Regel limit or with the limits of the spectrum g ¢|osely related to the dynamic slowing down close to the
in some kind of effective-medium approximatién or glass transitio014

tentative numerical evaluatiolshampered by the difficulty We need to consider the resolvent mariR , ,(2)
mjv

in reaching large system sizeare used. Our scope is to _ -1 . .
estimate analytically the localization threshold for ERMs._(Z M);,.j» (z is compley. To study eigenvalues clustered

Our approach is infinite dimensional, which is reasonable®™0Und\, we will setz=A+ie for smalle. Our goal is to find
for liquids at high temperaturémany-body correlations a0 equation for the PDF of the_ d@gonz_il term of the resolvent
are negligible. We do not expect to estimate reliably quan- Matrix P[R;[z], focusing on its imaginary paitboldface
tities depending on the space dimension, such as critic@lymbols represent 83 matrices corresponding to particle
exponents. However, above the lower critical dimensiordisplacements in three dimensiof8D)]. Consider the rep-
[expected to be PRef. 15], the mean field should provide a resentation oR;;(2) in terms of the eigenvectots) of the
reasonable estimate for the critical point, especially in conmatrix M:
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FIG. 2. Evolution of the mediaftop) and geometrical average
(bottom) of the population of imaginary parts of the resolvésge
text) for A\=—140, -150, -160, and —200. Data fdr=10°.

FIG. 1. Top. Left panel: DOS of a soft-sphere system at
T=7.72 from Eq.(3) with £=1.0 (N=20 000 and from numerical
diagonalization of the Hessiaf100 configurations Right panel:

distribution of the diagonal terms of the Hessian, from &j.and ) ) ) ) )
from liquid simulations atT=7.72. Bottom. The same for relations can be ignored, i.e., the off-diagonal matrix ele-

T=0.683. In addition, we show the spectrum of the correspondingnents M;,,;,[x°] are treated as independent random vari-
scrambled matrix. The clear difference in the distribution of theables, P[M]=1II;_;p(Mj;) (diagonal elements are fixed by
matrix elements is responsible for the deviations observed in théranslational invariange The PDF of the single matrix ele-
DOS at the lower temperature. ment is then

jla 2 L) = _Z » B ‘e . "
Im Ru(“is):'mz%- (1) p('v'u)"(l N>5(M'l)+ Nfo drg®(n)8(Mj; + V().

The probability distributiorP[R;;|z] will be rather peculiar @

in the localized region. The amplitude of eigenvecthrs ~ Where g@(r) is the radial distribution function and
with |\,—\|=<e will be large for the main particle of the y=4mp[{dr'r’?g?(r’) is the average number of particles
eigenmode, and will decrease exponentially with increasingvhose distance from particlieis less than the cutoff; (in
distance. Letn(\) be the typical number of particles for our casey=32; thus the probability of finding disconnected
which the amplitude of an eigenmode is sizable. The probeclusters is negligib®). Under these hypotheses the follow-
ability that particlej significantly participates in an eigenvec- ing equation hold¥ for the resolvent of the infinite system
tor of energy\, € (\—&,\+¢) is of ordereg(\)n(\) [g(\) is  (note that the inverse-matrix symbols refer to the 3 ma-
the density of statds In this case InR; is of order trices and that thdR;! are independently chosen from the
1/[en(\)], while it is of order & with probability P[R;;|z] distribution:

1-eg(M)n(N). Thus, the mean value of IR; is finite for

small ¢ and proportional tog(\), but its variance is PR;|z] =J dp[M]dp[R”|Z]5[R“ - <Z+E M,
a®(\;e)=g(\)/[en(\)] and diverges wher —0. A more i

refined analysf shows that in the limite—0 the PDF -1 . 1

for ImR;; decays agim Rjj)‘ﬁ, B=1.5, while at small but _2 MiJ(Rii + M) MN) } 3
nonzeroe there is a cutoff that makes it strictly zero for .

Im R;;>1/e. On the other hand, in the extended region allEquation(3) becomes exact in the infinite-dimensional ran-
the|(j | a)|? areO(1/N) and one can replace the sum with an dom graph cagé where each particle is the root of a Cayley
integral. It follows that the typical value of IiR;; is of order  tree whose fluctuating connectivity is distributed with a Pois-
1 whene=0". son law of mean value.

To get an equation foP[R;;|z] we have generalized the We consider the INM of a monoatomic system with po-
Cizeau-Bouchaud recursion relatido the case of 3D trans- tential (in natural unity v(r)=(1/r)*? (see Grigereet al. in
lationally invariant systems. This equation relafegz) ina  Ref. 22 for detailsand p=1. We obtained the pair correla-
system withN particles to thefull resolvent of a system tion function by means of a Monte Carlo simulation of an
where particle is not present anymore, but the positions of N=2048 system, for temperaturédbetween 0.683 and 123,
all other N—1 particles are as in the original system. Thein the liquid phase(crystallization happens af.~ 0.592.
equation is obtained under two hypothes@y:that in the  Onceg'®(r’) is known, one needs to solve E@). We have
largeN limit the off-diagonal matrix elements corresponding done this numerically using a population dynamics algo-
to two neighbors of the particle that is being removed can beithm. Starting from a population oN elements with
neglected after removalii) that three-point and higher cor- R;(z;t=0)=1/z, we iterate the scheme
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FIG. 3. Values of the slope from a linear fit gfnl, for
t>10. The mobility edge is estimated at—-1525). Inset:N de-
pendence of the slope.

FIG. 4.1(\;¢&) vs & near the lower mobility edge dt=0.683 for
(from top to bottomp A=-140, -130, -120, -110, and -100. In-
set: Scaling plot(\;e) vs e/e(\) for A=-130.

Ri(zit+1) =F(R};(z;),My), (4)  understand why af=0.683 Eq.(3) overestimates the weight
of the imaginary frequencies.

The main result of our work is the introduction of a way
to determine the localization threshold which generalizes the
method of Abou-Chacrat al? to the case of topologically

5) disordered systenmse., those described by ERMsSince in

) . the localized region and in the— 0 limit, Im R;=0 except
To form the sums in Eq(5), we divide the space around o 5 yanishing fraction of particles, a population of purely
particlei up to the cutoff distance, into spherical shells of (o5 resolvents must be stable under [5). The ided is to
width Ar;r°/409(5A. The probability of having a particle in giart with an equilibrated population of real resolvefsist-
the shell is 47p[;"*'dr'r'>g®(r"). Both the identityj of the ting z=)\), add a small imaginary part, and evolve the popu-
particle interacting withi and the direction of the vector |5tion to see whether the imaginary parts gréextended
r=r;—r; are chosen randomly with uniform probability. One phase or disappeatlocalized phase
step consists in the sequential update of the full population. \ye have analyzed in this way the negative mobility edge
After 100 steps the first moments of the probability distribu-t T=0.683. We added the imaginary part to a population of
tion are constant, apart from fluctuations due to the finitqyilibrated real resolvents, and let it evolve with the linear-
value of N. To decrease them, we usdtypically) 300  jzed (with respect to the imaginary paform of Eq.(5). We
more time steps. The population averages ofRgy, and  eyolved the real part with Eq5) as if the population were
(ImR,;,)° are calculated, then time averaged. Fromyey since the PDF of IRY is extremely broad, one must
them ~we compute the density of statetDOS),  choose carefully the quantity to examine. In Ref. 3 it was
gN)=~ImR;,;,)/ 7 and(Im Ri,LL,i/.L>' proposed to consider the quotiegtof the geometric mean

We have computed the DOS both from H&) and by  of the imaginary parts at timésandt-1. § was assumed to
numerical diagonalization of the Hessian. As Fig(l&ft)  pet independent, and it was expected to be equal to 1 at the
shows, agreement is good at high temperature, where thregobility edge. Unfortunately, due to the presence of poles at
body correlations are less important. The mild disagreemerftero imaginary part in the recursion equation, the average of
at T=0.683 is due to neglected high-order correlations. Inthe imaginary parts at timeis divergent. If we ignore this
deed, the outcome of E¢3) is identical to the DOS of the djvergence we findFig. 2) that this quantity has extremely
scrambled HessiaW (Fig. 1, lower lef}, which is built by  large fluctuations that do not vanish for larje and is use-
picking its off-diagonal elements randomly and without rep-less to determine the threshold. Fortunately, rtrelian | of
etition from the off-diagonal elements of the true Hessianthe PDF of ImRi(it) does not have these drawbacks and is
and then imposing symmetry and translational invariancemuch more reliable. However, obtaining asymptotic esti-
This destroys three-body and higher correlations. Neglecterhates forl; requires values oN that grow fast witht. For
correlations are responsible for the low-temperature discreg< 15 we have found no differences betweNr10° and
ancies between E¢3) and numerical digonalization. Indeed, N=8x 1(P. One would expect that IR~ at, with a less than
compare the PDF of the diagonal term of the Hessian matrixgreater thanzero in the localizedextended phase, and this
as computed from Eq2) and from the actual liquid configu- is indeed what we find at larget (Fig. 2. For
rations (Fig. 1, righ). Since this PDF coincides with the N=10° we utilized ten samples, estimating the errors via the
DOS at leading order in perturbation theoithe diagonal jackknife method. A linear fit of I, for 1<t<15 gives
term is much larger than the typical off-diagonal tg¢rmve  valuesa that locate the mobility edge at=-1525) (Fig. 3.

i} _ -1
F(Rjj,Myj) = | 21 + 2 My = 2 My (R + M) ™M | .
j j#i
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A similar analysis gives, as the upper limit of the extended In summary, we have studied Anderson localization in
region,\=161180). Euclidean random matrices. Disregarding three-particle and
We also considered a way to locate the threshold throughigher correlationsiexact for an infinite-dimensional sys-
the behavior of the variance of IR Considerl(\;e)  tem), an equation was found for the PDF of the diagonal
=&(Im R?)/(Im R)%. From the remarks above it follows that glement of the resolvent matrix, which was solved numeri-
in the localized region and for smadl, I(\;¢) tends to @ cally with a population dynamics algorithm. This approxima-
constant, while in the extended region the variance is finitgjon works well at high temperature, but significantly over-
and I(\;e) is Ole). Unfortunately this approach has a ggfimates the weight of negative modes close to
major limitation: for the higher values of, the extended, e<(:f£ystallization. The mobility edge can be located by studying
{

Oe) regime Is r(_aached, but as the threshold is app_roach e stability of a population of real resolvents, something we
the regime sets in for lower and lower valuesspfmaking have done numerically. obtainina reliable values for the
the threshold very difficult to estimate. To overcome this v € numerically, obtaining refl val

hreshold in topologically disordered systems.

problem we have tried the phenomenological sc:alingI
(N, e)=elf(ele(N)), with a=0, f(x)~x for x~0, and ) ,
£d(\)—0 for A— Ay, (Fig. 4). The s.(\) (that we obtained We acknowledge partial support from MCyT, Spain
only in the rangex=-130 can be fitted to a power law (Grants No. FPA2001-1813, No. FPA2000-0956, and No.

c(A—\)?, with y=21 and\y,=-171.6. The fit is not reliable, BFM2003-08532-C0B and ANPCyT, Argentina. S.C. was
since it does not reach close enough to the critical FSint. SuPported by the ECHP prograf@Grant No. HPRN-CT-
This huge exponent is perhaps an indication of an essentig&002-00307. V.M.-M. was supported by the Ramén y Cajal
singularity at the mobility edgécf. the results of Ref. 5  Program, and P.V. by the European CommissiGnant No.
or of a wrong choice ofa (which cannot be determined MCFI-2002-01262 T.S.G. was supported by CONICET

reliably). (Argenting.
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