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Abstract
We review recent progress in the understanding of phase transitions and critical phenomena,
obtained by means of numerical simulations of the early dynamic evolution of systems
prepared at well-specified initial conditions. This field has seen exhaustive scientific research
during the last decade, when the renormalization-group (RG) theoretical results obtained at the
end of the 1980s were applied to the interpretation of dynamic Monte Carlo simulation results.
While the original RG theory is restricted to critical phenomena under equilibrium conditions,
numerical simulations have been applied to the study of far-from-equilibrium systems and
irreversible phase transitions, the investigation of the behaviour of spinodal points close to
first-order phase transitions and the understanding of the early-time evolution of self-organized
criticality (SOC) systems when released far form the SOC regime. The present review intends
to provide a comprehensive overview of recent applications in those fields, which can give the
flavour of the main ideas, methods and results, and to discuss the directions for further studies.
All of these numerical results pose new and interesting theoretical challenges that remain as
open questions to be addressed by new research in the coming years.

(Some figures in this article are in colour only in the electronic version)
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1. Introduction

The study and the understanding of phase transitions and
critical phenomena have undergone considerable progress
on the basis of well-established theories such as the
renormalization group and the underlying fundamental
concepts of universality and scale invariance. In the
neighbourhood of the critical temperature Tc of a second-order
transition, the correlation length ξ grows without bounds. This
single fact is the key to understanding equilibrium behaviour.
Within the critical region, the universal information of a system
is stored in a small set of numbers, the critical exponents
(for example, the order parameter exponent β, the correlation
length exponent ν), together with a measure of the distance to
the critical point and the dimensionality of the system, d.

While most studies in the field focus on the description
of equilibrium properties, a very interesting and somewhat
unexpected prediction, based on a renormalization-group
treatment, is that the dynamic evolution of a system at
criticality—when it is released from a far-from-equilibrium
initial state—is also critical. In order to achieve a qualitative
understanding of this idea, let us imagine a ferromagnetic
system precisely at its Curie temperature Tc, but fully saturated
by an external magnetic field B. The field is then suddenly
turned off at an initial time t0, and the system relaxes towards
equilibrium. Starting from a magnetization per site m0 =
M(t = 0) which is at its maximum, the spins start building
up correlations while M(t) slowly decreases towards zero.
Due to critical slowing down, the evolution at long times
of M(t) is so slow that equilibrium may seem to have been
reached. However, two-time functions like the spin–spin
autocorrelation A(t, s) (which uses a reference microstate
taken at time s � t) show that, even in this long-time regime,
the system has not equilibrated but gradually ages. In other
words, A(t, s) decreases ever more slowly when the reference
configuration is taken at increasing values of s, no matter how
big s and t are. Can we predict by any means the shape of
M(t) and A(t, s) in this experiment? One might expect that
the time dependence of these observables strongly depends
on the microscopic interaction as well as on the dynamics
chosen for the system, in addition to the details of the initial
condition at time t0. Since the critical region is dominated
by non-linear phenomena, linear response theory is of no use
here. However, there is a source of simplicity, which springs
precisely from the complexity that appears to dominate the
problem: criticality. Thanks to criticality, the final answer to
the above question is not only simpler than it might seem, but it
also leads to a very useful method (relatively easy to implement
in numerical simulations) for studying phase transitions and
measuring static and dynamic critical exponents.

The formal theory supporting these considerations was
originally developed by Janssen and collaborators [1] using
field-theoretic techniques. They focused on the early stages
of the relaxation process after quenching the system to Tc

from a very high temperature (a critical quench). Much more
theoretical and numerical [2] work has been performed since
then. Furthermore, it has been shown that the same ideas can
be used in the long-time regime (t/s � 1 in the autocorrelation
above) to understand and describe the critical ageing [3, 4].

The good news is that we do not need to know in detail
Janssen’s treatment in order understand and use the full power
of the technique derived from these findings. Briefly, these
results provide a way to analyse out-of-equilibrium Monte
Carlo simulations of systems near criticality, from which
one can obtain equilibrium critical exponents (including the
dynamic exponent z). This is important, since it provides
an alternative route to finding these exponents (without being
hindered by critical slowdown or finite-size effects, see
section 3.1) or, in some cases, the only possible way (see, e.g.,
section 3.6). The method can also be used to determine the
critical temperature, or the spinodal points in the case of first-
order transitions, as well as the dynamic (non-equilibrium)
‘initial slip’ exponent θ (defined below in section 2).

In this review, we will restrict to times when the out-of-
equilibrium correlation length ξ is still very short compared
either with the system size or with the equilibrium correlation
length. In this context, the technique is known as short-time
critical dynamics (STCD). In most cases, one deals with times
of the order of 103 Monte Carlo steps.

The aim of this paper is to provide a review and
comprehensive discussion of recent work done on STCD using
Monte Carlo simulations. We feel this is needed because
since the early (1998) review of Zheng [2], the field has
grown hugely. In particular, the method has been extended to
systems not yet rigorously treated theoretically, such as non-
equilibrium phase transitions, self-organized critical systems,
irreversible phase transitions and spinodal points. We review
these new topics together with applications to equilibrium
continuous transitions.

The paper is organized as follows. Section 2 is a
theoretical overview with emphasis in the key results needed
to set up a Monte Carlo study of STCD. We then review
applications to equilibrium (section 3) and non-equilibrium
(section 4) situations. We conclude in section 5.

2. Theoretical background and method

A Monte Carlo (MC) simulation of critical short-time critical
dynamics (STCD) is the analysis of the time series of a
small set of observables when the control parameters (say the
temperature and magnetic field) are set at their transition point
values. The observables are typically the order parameter (OP)
and some of its moments (called M(t) and M(k)(t) in this
section) or cumulants6. The analysis requires that the initial
configuration be carefully controlled, sometimes fixing sharply
the initial value of the order parameter (OP).

In a wide variety of Hamiltonian and dynamic systems, it
turns out that the time evolution of the observables at the critical
point follows a power law after an initial ‘microscopic’ time tm
(typically 10–100 Monte Carlo steps (MCS)) (figure 1). This is
significant in itself, since it hints that this short-time approach
can be used to identify the values of the critical control
parameters. More important though is that the universal
exponents of the transition can be directly related to the
power-law exponents observed during the dynamic evolution

6 We assume that the OP is normalized so that its maximum possible value is 1.
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of the aforementioned observables. Obtaining the universal
exponents together with the critical control parameters is one
of the main goals of the technique.

The theoretical description of the critical STCD for
Hamiltonian systems with dissipative Langevin dynamics
(model A in the classification of Hohenberg and Halperin [5])
was originally provided by Janssen et al [1]. This aspect has
already been quite comprehensively reviewed, in the context
of ageing of critical systems, by Calabrese and Gambassi
[3]. The latter authors have recently extended the theory
(which was originally restricted to the evolution of an initially
disordered state, m0 ≈ 0) to encompass partially ordered initial
states [6]. They use the same type of dynamics as in [1] on the
ferromagnetic Ising [6] and vector models [7]. Here we will not
focus on the foundations, but mainly on those theoretical facts
and methods that concern the application of the technique to
extract information about the phase transition using computer
simulations.

A typical STCD computer experiment starting from a
disordered configuration may be described as follows. The
initial microstate is chosen such that the system is mostly
disordered (m0 � 1) and with negligible spatial correlations.
Then the system is allowed to evolve for a time that is short with
respect to the time required for equilibration. This protocol is
repeated many times in order to obtain a time series averaged
over the thermal histories and initial conditions.

In general, the outcome of the experiment will depend on
m0, on the control parameters (collectively represented here
by the adimensional ratio τ = (T − Tc)/Tc) and on the linear
size L of the system. To describe the time evolution of the
moments, we assume the following scaling ansatz for the kth
moment of the OP [1, 2],

M(k)(t) ≡ 〈Mk(t)〉 ∼ b−kβ/νM(k)(b−zt, b1/ντ, L/b, bx0m0),

(2.1)

where 〈. . .〉 means average over runs with identical initial value
of the OP but different initial configurations and realizations of
the dynamics; b is a rescaling spatial parameter; β, ν and z are
the usual critical exponents (see, e.g., [8]) related to the growth
of OP, correlation length ξ and correlation time, respectively
and x0 is a new exponent which describes the dependence
of the moments on m0 during the short-time regime. The
first two critical exponents are not affected by details such
as the particular choice of the lattice geometry or the dynamic
rules employed, but the value of z will strongly depend on the
features of these rules.

In order to point out the main goals of the short-time proce-
dure, we will briefly develop some examples of how the scaling
laws are obtained from (2.1), and from them, how the values of
the control paremeters and critical exponents can be estimated.

Suppose that a MC simulation is started as described
above, very near the critical point. Since the spatial
correlations are negligible, the system behaves initially mean-
field-like, and after a given time t > tm, M(t) initially
grows [9] (figure 1(a)). Once correlations become important,
M(t) decreases to its equilibrium value. Thus, there must
be a crossover between this initial increase and the long-time
decrease, as exemplified in figure 1(a) (inset). We can extract

Figure 1. Scheme for short-time dynamics experiments taking as an
example the evolution of the order parameter from an almost
disordered (a) or totally ordered initial state (b). (a): starting from a
fixed initial value m0, the normalized average OP M(t)/Ms (Ms is
the saturation value) is shown as a function of time in a log–log plot.
The time values given are representative of the actual MC times
used in practice, while the y-scale is left unspecified as it strongly
depends on the system and observable chosen (values for the initial
slip exponent θ would only be accurate in the limit m0 → 0). After
a microscopic time tm, the critical curves follow a power-law
behaviour. If the correlation length ξ(t) grows to become similar to
the equilibrium correlation length ξeq(T ), the curves cross over to an
exponential decay towards the equilibrium value of M (dashed and
double-dot-dashed curves). At the critical point, specified by TC

(full-line curve), the system will eventually cross over to the
long-time regime critical decrease (see inset), or will decay
exponentially when ξ(t) ≈ L. (b): when starting from an ordered
state, we expect a single power law at the critical point that extends
even to the long-time regime. When finite-size effects can be
neglected, this fact makes the fully ordered initial condition better
suited to accurately determine the critical control parameters.

this behaviour from (2.1) by imposing, after Janssen et al [9],
certain conditions on the functional form of M(1). By assuming
that the time-dependent correlation length ξ(t) ∼ t1/z is small
compared with both the lattice size L and the equilibrium
correlation length ξeq(T ) ∼ τ−ν , and setting b = t1/z,
equation (2.1) can be rewritten as

M(t) ∼ t−β/νzM(1)(1, t1/νzτ, L/t1/z, tx0/zm0)

= t−β/νzF (tx0/zm0), (2.2)
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which is expected to be valid within the time regime
L/t1/z � 1 and ξeq(T )/t1/z � 1. Also, F(x) must satisfy
F(x) ∼ x for x � 1 and F(x) ∼ constant for x � 1 [9]. In
this way, we obtain the initial OP increase,

M(t) ∼ tx0/z−β/νz ∼ t θ , m0t
x0/z � 1, (2.3)

which defines the ‘initial slip’ exponent θ . This increase in
M(t) is expected at the critical point (and somewhat above
it as long as t

1/z
m � ξ(T )), and provided that the system is

below the upper critical dimension (for a mean-field model,
we expect θ = 0 [1]). On the other hand, for longer times we
get the usual critical decrease,

M(t) ∼ t−β/νz, m0t
x0/z � 1. (2.4)

The crossover time can be determined from the relation
m0t

x0/z ∼ 1. Note that, in order to observe an initial increase
in M(t), a small but non-zero value for m0 is needed, because
usually OPs are antisymmetric under reflections of m0 (i.e.
M(t, m0) = −M(t, −m0), implying that M(t, m0 = 0) = 0
for all t . Furthermore, if one of the above assumed conditions
is unfulfilled, the power law will be modulated by the scaling
function M(1). This happens when ξ(t) ∼ L or m0t

x0/z ≈ 1
(full curve in figure 1(a)), or when τ is not set at the critical
value (dashed and double-dot-dashed curves in the same
figure). If this is the case, there will be a time tl(τ ) ∼ τ−νz at
which the correlation length approaches its equilibrium value.
For t > tl(τ ), the power law will cross over to an exponential
relaxation towards the equilibrium value of the OP (dashed
and double-dot-dashed curves in figure 1). This seeming
difficulty can be turned over into an advantage, since it can
be used to determine the value of the critical control parameter
[2]. Modern computers are usually powerful enough to run
simulations in systems where size effects can be neglected, so
that the crossover to the late time regime tends to be the main
interference with the predicted power-law behaviour at τ = 0.
As will be mentioned below, this crossover is not present when
we start from a fully ordered initial state (figure 1(b)), making
this second possibility better suited to determine the critical
parameters. The sensitivity of M(t, τ ) to τ can be such as to
allow the determination of the critical point with high precision
(≈1% is a typical value).

So far we have referred to initial conditions in which m0

is sharply defined. This restriction can be relaxed to have
m0 determined by a probability distribution. However, it is
important to stress that departures from a sharp preparation of
the initial macrostate could have an effect on the performance
of the procedure, depending on the sensitivity of the particular
system to the value of m0.

Another observable that displays a power law at short
times is the fluctuation of the OP,

�M(2)(t) ≡ 〈M2(t)〉 − 〈M(t)〉2 = M(2)(t) − [M(1)(t)]2.

(2.5)

As long as ξ(t) � L, the fluctuations will behave as ∼L−d

according to the central limit theorem. Since �M(2)(t) > 0
and the initial conditions force �M(2)(0) = 0, we expect
a steady increase with time even for m0 = 0. Setting

b = t1/z, τ = 0 in (2.1), assuming tx0/zm0 � 1 and imposing
�M(2) ∼ L−d one obtains

�M(2) ∼ t−2β/νz × (Lt−1/z)−d = L−d t (d−2β/ν)/z, (2.6)

plus corrections of order tx0/zm0. This can also be written

�M(2) ∼ tγ /νz (2.7)

if the hyperscaling relation dν − 2β = γ holds.
Proceeding in a similar way, one can investigate the

critical time behaviour of other moments, their derivatives or
combinations of them. In general, it is necessary to measure
several of those quantities to extract the (thermodynamic)
critical exponents. Some particularly useful cases are
summarized in table 1 for future reference.

The spin–spin time autocorrelation function A(t) ≡
A(t, s = 0) deserves special attention. For a magnetic system
in a lattice of N sites, it is defined as

A(t) ≡ 1

N

N∑
i=1

〈si(0)si(t)〉, (2.8)

where si(t) is the value of spin i. At the critical point and
when starting from a random initial configuration (critical
quench), describing the decay of this function requires a new
critical exponent. This fact was first noticed by Huse [10]
in a MC study, and the scaling form A(t) ∼ t θ−d/z ≡ t−λ

was first derived Janssen et al [1]. The need for a new
exponent for this function is related to very the existence of
the initial slip exponent θ . While it might seem paradoxical to
find a dependence on θ for a critical evolution from an initial
condition in which m0 is forced to be zero, this corresponds
to the fact that x0 is not only the scaling dimension for the
macroscopic initial magnetization, but is also related to its
density value [2].

Finally, it is natural to ask what the effect of choosing an
initial state different from (near) full disorder will be. We shall
only consider the case of a completely ordered state. Given
that in this case m0 = 1, the time dependence of the moments
M(k)(t) is

M(k)(t) ≡ 〈Mk(t)〉 = b−kβ/νM(k)(b−zt, b1/ντ, L/b), (2.9)

where the dependence on m0 has been dropped because it is an
irrelevant operator for this second trivial fixed point [2, 6]. This
second condition allows the extraction of more information
from the system, which can be used either to complete or to
cross-check the results obtained when departing from disorder.

It is relatively easy to write down the corresponding
critical scaling laws, proceeding as shown above. In this case,
these laws should hold even in the long-time regime (for an
infinite system tuned at τ = 0). The scaling for some useful
quantities in the ordered initial condition case is also given in
table 1.

3. Equilibrium phase transitions

As discussed in section 2, the theory of STCD was developed
originally for the case of the critical point of (equilibrium)
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Table 1. Summary of the most-used scaling relations valid for
critical dynamics. M(t) and M(k)(t) stand for the order parameter
and its kth moment, respectively. We also include the fluctuation of
the order parameter, �M(t) = 〈M(2)〉 − 〈M〉2, the second-order

Binder cumulant U(t)(2) = 〈M(2)〉
〈M〉2 − 1, the fourth-order Binder

cumulant U(t)(4) = 1 − 〈M(4)〉
3〈M(2)〉2 , the logarithmic derivative

∂τ log M(t, τ ) |τ=0 of the order parameter and the autocorrelation
Q(t) = 〈M(t)M(0)〉. Other correlations can be studied in this
fashion; for example, in spin systems it is useful to consider the
spin–spin autocorrelation, A(t) = 〈 1

N

∑N

i si(t)si(0)〉.
Initial state Scaling relations

Ordered
m0 ≡ 1 M(t)(k) ∼ t−k(β/νz)

�M(t) ∼ t (d/z−2β/νz)

U(t)(2) ∼ td/z

∂τ log M(t, τ ) |τ=0∼ t1/νz

Disordered
m0 → 0 M(t) ∼ t (x0/νz−β/νz)=θ

m0 ≡ 0 �M(t) ∼ t (d/z−2β/νz)

U(t)(4) ∼ t
d
z

∂τ log M(t, τ ) |τ=0∼ t1/νz

A(t) ∼ t (θ−d/z)

〈m0〉 = 0 Q(t) ∼ t θ

second-order phase transitions. Hence a very large number
of numerical studies have been carried out in such a case; we
review the most recent results in the section 3.1, referring to [2]
for earlier work. STCD has also been studied for Kosterlitz–
Thouless transitions (section 3.2), spin glasses (section 3.3),
the helix–coil transition (section 3.4) and damage spreading
(section 3.5). At a first-order transition point, there is typically
no critical behaviour; however, STCD is relevant in the study of
the points (surrounding the transition point) where the phases
become unstable, i.e. the (pseudo)spinodals. This we discuss
in section 3.6.

3.1. Second-order transitions

Here we start by discussing critical dynamics at second-
order transitions of short-range (section 3.1.1) and long-range
(section 3.1.2) spin models. We next consider multicritical
points (section 3.1.3), where the critical dynamics is different
from ordinary second-order transitions. Universality can also
be affected by topological effects (section 3.1.4) and disorder
(section 3.1.5). Real systems are bounded by surfaces or
contain defects. Surfaces can alter universal behaviour or cause
non-universal criticality. These we discuss in section 3.1.6.
Finally, in section 3.1.7 we consider defects and other cases
leading to non-universal behaviour.

3.1.1. Short-ranged spin models. The STCD approach has
been applied to the study of second-order phase transitions
in several short-ranged models by means of MC simulations
[2, 11–19]. In this section, we review recent results obtained
from the dynamic evolution of the physical observables at
criticality, after the system was annealed from its ground
(ordered) state and quenched from its high-temperature
uncorrelated (disordered) state. Results from before 1998 have
been reviewed in [2].

Ising and Potts are the models which have been most
extensively studied (including the corrections that arise from
topological and disorder effects; see sections 3.1.4 and 3.1.5).
The degrees of freedom of the q-state Potts model are spins Si

taking integer values in the range 1, . . . , q. The Hamiltonian is

H = −J
∑
〈i,j〉

δSiSj
, (3.1)

where δSiSj
is the Kronecker delta. In the short-range version,

spins are placed in some lattice, and the sum is over nearest
neighbours (NNs), which we denote with 〈i, j〉. J (>0) is the
exchange coupling constant (we have chosen the sign for the
ferromagnetic version). When q = 2, we can choose Si = ±1,
so that δSiSj

= (1 + SiSj )/2; this case is thus equivalent to the
Ising model. In two dimensions, the Potts model has been
solved exactly for all q [20]. It has a second-order phase
transition for q � 4 and a first-order one for q > 4. The
critical temperature is kBTc = J

ln(1+
√

q)
[20].

For an STCD study, the order parameter (OP) is defined as

M(t) = q

(q − 1)Ld

〈∑
i

δSiSj
− 1

q

〉
. (3.2)

Note that for q = 2, the usual Ising OP is recovered. Table 2
summarizes the critical exponents as obtained from STCD
scaling (i.e. by employing the expressions given in table 1) as
well as the exact values, when known. This table also includes
the SU(2) lattice gauge theory [21] and the quantum transverse
Ising model [22] that are in the same universality class as the
2D Ising model as far as static behaviour is concerned [23–25].
In order to investigate whether universal scaling behaviour
also exists in deterministic dynamics, the 2D φ4 theory was
studied by taking the average kinetic energy as the control
parameter and the magnetization as the OP [26]. In this case,
the STCD scaling forms were assumed for processes starting
from a random state, and the obtained critical exponents are
also shown in table 2.

The STCD has also been studied for three-spin models.
Interactions involving an odd number of spins have been
found to be important in the description of some magnetic
systems [31] or to model lattice gases with multiple-body
interactions. Two such models are the 2D Ising with three-
spin interactions in one direction (IMTSI) [32] and the Baxter–
Wu (BW) model [33, 34]. These models show a second-order
phase transition but are not invariant by a global inversion of
all spins. The respective Hamiltonians are

H = −J
∑
i,j

{Si,j Si+1,j Si+2,j + Si,j Si,j+1} (IMTSI)

(3.3)
and

H = −J
∑

〈i,j,k〉
SiSjSk (BW), (3.4)

where in IMTSI the sum is over all sites of a square lattice and
Si,j is the spin variable placed at the site (i, j). In the BW
model, the Si are located at the sites of a triangular lattice, and
the sum is over all elementary triangles. Both Hamiltonians
are invariant under reversal of all the spins belonging to two
of the three sub-lattices into which the original lattice can be

5
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Table 2. Static (2β/ν, β and 1/ν) and dynamic (z and θ ) exponents obtained from a short-time critical dynamics (STCD) analysis for
several models, together with exact values when known. (*) Indicates numerical estimation.

Model 2β/ν β 1/ν z θ

2D Ising 0.252(2) [2] 0.124(5) [2] 1.02(4) [2] 2.166(7) [27] 0.191(1) [28]
(exact) 1/4 1/8 1 2.1667(5)* [29] —
3D Ising 0.517(2) [13] 0.3273(17) [13] 0.6327(20) [13] 2.042(6) [13] 0.108(2) [13]
2D Potts q = 3 0.2660(6) [11] 0.107(3) [11] 1.24(3) [11] 2.196(8) [11] 0.075(3) [28]
(exact) 4/15 [20] 1/9 [20] 6/5 [20] — —
2D Potts q = 4 0.248(3) [12] 0.0830(6) [12] 1.495(13) [12] 2.290(3) [30] −0.046(9) [12]
(exact) 1/4 [20] 1/12 [20] 3/2 [20] — —
SU(2) 0.240(36) [21] — — 2.135(27) [21] 0.192(2) [28]
Transverse Ising 0.23(5) [22] 0.119(2) [22] 0.97(1) [22] 1.883(7) [22]
2D φ4 0.24(3) [26] 0.11(7) [26] 1.05(6) [26] 2.148(20) [26] 0.176(7) [26]

Table 3. Critical exponents obtained from STCD for the 2D Ising
model with three-spin interactions in one direction (IMTSI), the
Baxter–Wu (BW) model, m and the 2D q = 4 Potts model, which
belongs to the same universality class. The values of the exponents
θ and z have been the subject of some controversy (see text).

Model β 1/ν z θ

IMTSI [35] 0.11(2) 1.487(12) 2.380(4) −0.03(1)
BW [18] 0.079(2) 1.54(2) 2.294(6) −0.185(1)
2D Potts 0.0830(6) 1.495(13) 2.290(3) −0.046(9)
q = 4 [12]

decomposed, i.e. they exhibit semi-global up–down reversal
symmetry. The OP of both models is the usual magnetization
(M = 1

Ld

∑
i Si), and their ground state is fourfold degenerate:

three of these states have magnetization equal to −1/3, while
the remaining state has a magnetization equal to 1. Santos
and Figueiredo [15] have shown for the BW model that the
initial ground state is irrelevant for the relations involved in
the relaxation dynamics. Table 3 summarizes the values of the
exponents obtained through STCD. Based on the value of the
exponent ν and on the symmetry of the Hamiltonian, several
researchers have included these models in the universality class
of the 2D four-state Potts model [18, 34–36].

Although the static critical behaviour of these models is
well understood, there are still controversies about the dynamic
behaviour. For instance, for the BW model, Santos and
Figueiredo [15] have found z = 2.07(1) for the dynamic
evolution from the ground state with m0 = 1 (all sub-lattices
initially with spins up), and z = 1.96(2) for the evolution from
the ground state with m0 = −1/3 (spins are initially up in one
sub-lattice and down in the other two). However, Arashiro
et al [18] have obtained a value of z = 2.294(6), which is
close to values obtained for the IMTSI model [35] and for
the 2D four-state Potts models [30] (see table 3). Moreover,
the estimated exponent θ = −0.185(1) for the BW model
[18] is completely different from the values computed for the
IMTSI [35] and 2D four-state Potts models [12] (table 3). More
recently, Arashiro et al [37] compared the STCD of the q = 4
Potts and BW models (in 2D) in extensive MC simulations
which also measured the global persistence probability P(t)

that the order parameters have not changed sign up to time t

(this quantity is known to decay at the critical temperature as
P(t) ∼ t θg [38]). The dynamic exponent θg was obtained,
finding a clear difference between the Potts and BW models.

The usual dynamic critical exponents θ , z, x0 were obtained
with more precision but in good agreement with previous
results [12, 35].

The STCD of the Heisenberg model has been studied by
Fernandes et al [19]. The classical Heinsenberg model is
defined by

H = −J
∑
〈i,j〉

Si · Sj , (3.5)

where Si is a 3D vector of unit magnitude located at each
lattice site, and the sum runs over all nearest neighbours. This
model has a 3D OP and it undergoes a second-order phase
transition at Tc = J

kB
1.44292(8) [39] for d = 3. Fernandes

et al [19] applied STCD scaling to one Cartesian component of
the magnetization (OP). The computed static exponents β and
1/ν, and the dynamic exponent z obtained by STCD method
(see table 4), were in good agreement with the values found
by equilibrium MC [39]. Zelli et al studied the STCD of
the Heisenberg model on a 3D stacked triangular lattice with
antiferromagnetic interaction on the layers and ferromagnetic
interactions between layers [40]. These authors provided
strong evidence for the existence of a weak first-order phase
transition in this case [40].

STCD was also studied for the classical spin model
with double-exchange interaction (DE) [41]. The DE
model has played an important role in the study of colossal
magnetoresistence, i.e. the extremely large (many orders of
magnitude) change in resistivity upon application of magnetic
field observed in some Mn-based perovskite oxides known as
manganites. The Hamiltonian is

H = −J
∑
〈i,j〉

√
1 + SiSj , (3.6)

where the Si are 3D vectors of unit magnitude as in
the Heisenberg model. The critical temperature is Tc =
J
kB

0.74515 [42]. Fernandes et al [41] determined the
critical exponents, which are shown in table 4. They are in
good agreement with previous estimates [42] and support the
assertion that the classical DE model belongs to the universality
class of the classical Heisenberg model.

Finally, let us mention that Környei et al [43] have studied
the effects of a sudden variation in the form of the interaction,
i.e. a ‘quench’, where instead of the temperature, the coupling
constants are altered so as to suddenly change the universality
class. The authors considered (in 2D) interactions of the Ising,
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Table 4. Critical exponents obtained by means of the STD scaling
analysis for the 3D classical Heisenberg model and classical
double-exchange interaction model (DE), which belong to the same
universality class.

Model β 1/ν z θ

3D-Classical 0.361(2) 1.456(13) 1.976(9) 0.482(3)
Heisenberg [19]

3D-Classical 0.356(6) 1.458(21) 1.975(10) 0.480(7)
DE [41]

IMTSI and BW kind. For an initial configuration at the critical
point, the relaxation of the magnetization and the decay of the
autocorrelation function were studied. They were found to
display a power-law behaviour, with exponents depending on
the universality class of the initial interactions.

3.1.2. Long-ranged spin models. The critical behaviour
of systems with long-range interactions is still a challenging
topic in statistical physics [44–46]. In particular, the dynamic
evolution of these systems when starting far from equilibrium
poses difficulties because the relevant observables relax rather
fast due to the long-range interactions. For these reasons, the
study of STCD in simple long-range models such as Ising
and Potts plays an important role in the understanding of
the dynamics of second-order phase transitions. The STCD
scaling has been extended to the case of interactions decaying
with a power law for the continuous n-vector model [44],
the random Ising model [47] and the kinetic spherical model
[48, 49]. However, only a few numerical results have been
reported, for the 1D Ising and Potts models [50, 51]. The
Hamiltonian is

H = −
∑
i>j

J

r1+σ
i 
=j

δSiSj
, (3.7)

where J > 0 is the (ferromagnetic) coupling constant,
Si = 1, . . . , q is the spin variable at site i, ri,j = |ri − rj |
is the distance between spins and the sum is over all pairs of
spins. The decay of the interaction strength is controlled by
the parameter σ . It is well known [52] that for 0 < σ <

1, the model has a second-order phase transition for all q.
For q = 2 (Ising model), the critical behaviour is mean-
field for 0 < σ � 0.5, while for 0.5 < σ < 1, the critical
exponents are σ -dependent. For q = 3, the σ -dependent
range is σc(q = 3) < σ < 1, with σc(3) = 0.72(1).
For σ < σc(q = 3), the transition is first order [53]. For
both q = 2 and q = 3, short-range behaviour is observed
for σ > 1, while a Kosterlitz–Thouless transition has been
predicted for σ = 1 [53, 54]. The dynamic exponents z and θ

determined through the STCD evolution from the uncorrelated
initial state are shown in table 5, together with RG predictions.
The discrepancies between the numerical and RG results have
been attributed to shortcomings of the ε-expansion, possibly
indicating the need to go beyond two loops [44, 50].

For σ = 0.75, static exponents were also obtained from
STCD behaviour, γ /ν = 0.748(11), β/ν = 0.126(5) and
ν = 0.47(2) [51], which are in good agreement with RG
predictions γ /ν = σ = 0.75, β/ν = 1−σ

2 = 0.125 and
ν = 0.4765 [44, 55, 56].

Table 5. Dynamical critical exponents (θ and z) of the 1D Ising and
1D q = 3 Potts models, as obtained by STCD scaling for the
different values of the interaction control parameter σ . Also quoted
are RG results [44]. The discrepancies are thought to be
shortcomings of the ε-expansion in the latter approach.

Model σ θ z θRG zRG

1D Ising [50] 0.90 0.212(5) 1.18(4) 0.3346 0.9532
1D Ising [50] 0.80 0.188(4) 0.96(4) 0.2587 0.8340
1D Ising [51] 0.75 0.211(7) 0.868(9) 0.2171 0.775
1D Ising [50] 0.70 0.137(6) 0.81(1) 0.1733 0.7174
1D Ising [50] 0.60 0.07(1) 0.70(1) 0.0821 0.6052
1D Potts 0.90 0.120(4) 0.121(1) — —
q = 3 [50]

1D Potts 0.80 0.058(4) 0.101(4) — —
q = 3 [50]

3.1.3. Multicritical behaviour. Points that lie in the
border of a critical manifold or at the intersection of two or
more critical manifolds are called multicritical, and normally
belong to a universality class different from that of the
neighbouring critical points [57]. Multicritical phenomena
have been the subject of intense study for more than half a
century, both experimentally and theoretically. One of the
first multicritical systems investigated is the Blume–Capel
(BC) spin-1 model [58], which has been used to describe
the behaviour of 3He–4He mixtures [57]. Apart from its
experimental relevance, the model is of intrinsic interest since
it is the simplest generalization of the Ising model that exhibits
a rich phase diagram. The Hamiltonian is

H = −J
∑
〈i,j〉

SiSj + D
∑

i

S2
i + h

∑
i

Si, (3.8)

where Si = 0, ±1, and the sum runs over all NN. D

corresponds to the crystal field anisotropy, J is the exchange
coupling constant and h is an external field.

The BC has a tricritical point, where three critical lines
intersect. At zero external field, the ordered (ferromagnetic,
F±) and disordered (paramagnetic, F0) phases are separated by
a line of transitions that change from second order to first order
at the tricritical point (see figures 2 and 3). Along the critical
(λ) line, the behaviour is Ising-like, with exponents that reach
the values of the Ising model in the limit D → −∞ [59, 60].
The behaviour changes at the tricritical point, where it is
more complex, for instance the exponent θ is expected to
become negative [61]. The tricritical point was determined
using conformal invariance and finite-size scaling as kBTt/J =
0.609(4) and Dt/J = 1.965(5) [62]. The tricritical exponents
β and 1/ν were determined by conformal invariance as β =
1/24 and 1/ν = 9/5 [63]. STCD was used to estimate the
exponents [59]; it was also found that z and θ become more
Ising-like as D becomes more negative (see table 6).

Tricritical points also occur in some metamagnetic
systems [65] with competing ferro- and antiferromagnetic
interactions (metamagnets are systems which undergo a first-
order transition with a magnetization jump at a finite magnetic
field). A simple 2D model of a metamagnet can be obtained
by placing spins in a square lattice formed by two alternating
sub-lattices such that the coupling between spins of the same
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Figure 2. Schematic phase diagram of the Blume–Capel spin-1 (a) and spin-3/2 (b) models.
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Figure 3. Phase diagram of the BC model, D/J versus kT /J .
Full-circles connected by the dashed line show the second-order
critical line, which meets the first-order line (open squares
connected by the full line) just at the tricritical point (full diamond).
For the tricritical point, one has kBTt/J � 0.6090 and Dt � 1.965.
From [64].

sub-lattice is ferromagnetic, while it is antiferromagnetic for
spins belonging to different sub-lattices. The Hamiltonian with
an external field is

H = −
∑
〈i,j〉

Si,j (J1Si+1,j − J2Si,j+1 + h), (3.9)

where Si,j = ±1 and h is the field. The phase diagram in the
temperature-field plane displays a variety of critical points,
depending on the ratio of coupling constants J1/J2. Above a
critical value, the phase diagram has a tricritical point between
a second-order and a first-order line [60]. Both lines indicate
transitions between an ordered antiferromagnetic phase and a
paramagnetic one, the OP being the staggered magnetization
M = (m1 − m2)/2 (mi is the magnetization of sub-lattice i).
The second-order line and the tricritical point were studied for
the case J1/J2 = 1 through STCD [66] by fixing the external
field at the critical point and taking the temperature as the
control parameter. The critical exponents ν and z were found to
be Ising-like and almost independent of temperature and field
along the second-order transition line, up to a neighbourhood

of the tricritical point ( kBTc
J1

= 0.878(2), hc

J1
= 1.932(4)). On

the other hand, the value β was affected by the presence of the
tricritical point, showing a crossover between critical Ising-like
and a different universality [66].

Also studied by STCD is the double critical end-point
(DCE) of the BC spin-3/2 model, where Si = ±1/2, ±3/2.
DCEs occur when two critical lines end simultaneously at
a first-order phase boundary, and consequently two critical
phases coexist (see figure 2(b)). For D 
= 0, this model
presents four possible ferromagnetic ordered phases: two
symmetric phases (called F+3 and F−3) where the spins take
predominantly values Si = ±3/2 and two antisymmetric
phases (F+1 and F−1) where Si = ±1/2. In the T –D

plane, the four phases coexist along a line that extends from
T = 0 and D = dJ up to the DCE at ( kBTd

J
, D

J
) =

(0.593 74(7), 1.986 47(5)) [67]. Based on the calculated value
of ν at the DCE, Plascak and Landau [67] concluded that this
point belongs to the same universality class as the 2D Ising
model. On the other hand, Grandi and Figueiredo [68] found ν

and z taking the values of the 2D Ising model, but the exponent
β ∼ 0.077, and concluded that the DCE is not in the same
universality class. The second-order transition between the
ferromagnetic and paramagnetic phases was found to be Ising-
like.

3.1.4. Topological effects on STCD scaling. Critical
exponents depend, as is well known, on the dimension of
the space in which the model is defined. Also well known
is that fractals can be characterized by a dimension that is non-
integer. It is thus interesting to explore the critical behaviour of
systems defined on fractal substrates. Non-integer dimensions
can be analysed with an RG treatment; it is found that at
criticality, the exponents depend only on the dimension of
the substrate provided that translational invariance holds.
However, fractals that are built iteratively from a generating
cell are not translationally invariant, and the topological details
of the generating cell are present at any scale. In this case, the
critical exponents depend also on the connectivity, ramification
order and lacunarity of the fractal, and the behaviour is said to
be ‘weakly universal’ [69, 70].

The critical behaviour of several models over fractal
substrates with finite ramification order (i.e. where the number

8
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Table 6. Critical parameters and critical exponents of the BC S-1 model obtained by STCD scaling, as reported in [59].

D/J kBT/J β 1/ν z θ

Critical points
0 1.6950 0.134(2) 0.97(2) 2.106(2) 0.194(3)

−3 2.0855 0.125(2) 0.99(1) 2.128(2) 0.193(5)
−5 2.1855 0.125(4) 0.99(3) 2.139(2) 0.187(5)
Tricritical point

1.9655 0.610 0.0453(2) 1.864(6) 2.215(2) −0.53(2)

Table 7. Critical temperatures, critical exponents (β, γ, ν, θ , and z) and effective dimensions obtained by means of STCD scaling for the
different fractal sets [17]. The Hausdorff dimensions dH of the corresponding fractals are also indicated. More details are given in the text.

Fractal dH
kBTc

J
β γ ν θ z def

SCa(5, 1) 1.975 2.067(2) 0.122(4) 1.84(4) 1.04(3) 0.193(2) 2.30(6) 1.99(5)
SCa(3, 1) 1.893 1.495(5) 0.121(5) 2.22(1) 1.32(3) 0.1815(6) 2.69(6) 1.86(4)
SCa(4, 2) 1.792 1.10(1) 0.068(3) 3.1(2) 1.72(9) 0.181(2) 3.59(1) 1.94(7)
SCa(5, 3) 1.723 0.83(2) 0.016(1) 2.9(3) 1.51(7) 0.162(29) 4.97(3) 1.94(15)
SCa(6, 4) 1.672 0.70(5) 0.009(1) 2.9(4) 1.5(2) 0.125(5) 5.2(5) 2.0(3)
SCb(5, 3) 1.723 0.765(5) 0.048(1) 2.5(1) 1.45(5) 0.163(1) 3.19(7) 1.79(7)
SCb(7, 4) 1.797 0.94(1) 0.0657(9) 2.62(14) 1.36(4) 0.188(2) 3.16(8) 2.0(1)
SCb(9, 5) 1.832 1.035(2) 0.074(2) 2.18(8) 1.20(4) 0.192(1) 2.70(7) 1.94(7)
SCc(3, 1, 2) 1.934 1.706(4) 0.111(3) 2.14(12) 1.13(5) 0.185(3) 2.4(1) 1.90(10)
SCc(4, 2, 2) 1.861 1.451(1) 0.109(3) 2.6(1) 1.48(7) 0.181(3) 2.27(9) 1.79(15)

of links that must be cut to separate an arbitrary part of the
whole fractal is finite) has been solved exactly, showing that
the critical point is trivially located at zero temperature [71, 72].
Thus studies of second-order phase transitions on fractals are
restricted to those with infinite ramification order, such as the
Sierpinski carpet. In this case, a finite-size scaling analysis
is difficult because scaling corrections are very strong and
become more severe when the dimension decreases towards
one and when the lacunarity increases [73, 70]. For this reason,
STCD becomes an interesting alternative to investigate critical
behaviour.

It is important to note that when the fractal exhibits discrete
scale invariance (DSI), the dynamic scaling laws are different
from the translational-invariant case. DSI means that the
fractal is scale-invariant only between scales whose ratio is
an integer power of the fundamental scaling ratio [74]. For
deterministic fractals, the fundamental scaling ratio is the size
of the generating cell, b. In the time domain, DSI manifests
in the appearance of log-periodic oscillatory deviations from
a power-law [16, 17, 75]. The scaling of the OP must thus be
written as

M(t) = CtθF

(
φ +

log t

log t∗

)
, (3.10)

instead of equation (2.3), whereC andφ are constants andF(x)

is a periodic function of period one, usually approximated by
a truncated Fourier expansion. Similar corrections apply to
the other quantities listed in table 1. Time- and space-DSI
are linked by t∗ = bz, where t∗ is the fundamental time-
scaling ratio [16, 75]. Thus one can determine the dynamic
exponent z from the logarithmic period (log t∗) of the measured
oscillation.

Table 7 summarizes the STCD results corresponding to
the Ising model in various infinitely ramified fractal substrates
called Sierpinski carpets SC(b, c) [17]. The SC(b, c) are

constructed as follows. A square is segmented into b2 sub-
squares, and c2 of them are removed. This segmentation
process is iterated on the remaining sub-squares to, give a
Hausdorff dimension dH = log(b2 − c2)/ log(b). As a
consequence, it is possible to vary the dimension by only
changing b and c, and to obtain fractals with different
lacunarities by the use of different hole distributions. In this
way, in the SCa(b, c) set the c2 sub-squares are removed
from the centre of the generating cell (see figure 5(a)) and
in the SCb(b, c) set they are removed in the alternate way,
shown in figure 5(b). In the low lacunary set SCc(b, c, l),
the generating cell is implemented as follows. A square
is segmented into l2 sub-squares, and in each sub-square
one makes the same segmentation used in the SCa(b, c) (see
figure 5(c)); consequently, the Hausdorff dimension is given
by dH = log(l(b2 −c2))/ log(lb). For example, figure 4 shows
the critical evolution of the magnetization, its logarithmic
derivative at the critical point and the second-order Binder
cumulant, after annealing the ground state, for the Sierspinki
carpet SCa(5, 3) substrate (see below).

Note that the Hausdorff dimension dH is different from the
dimension obtained from the scaling laws in the STCD regime
(called effective dimension deff ). It is deff the dimension that
verifies the hyperscaling law (deff/z = 2β/νz + γ /νz), at least
for dH < 2. Furthermore, the critical temperature obtained
for the SCa(b, c) set follows a power law, with dH suggesting
dH = 1 is the lower critical dimension. Finally, the observed
behaviour of the dynamic exponent z implies that the slowdown
of the dynamics is enhanced when the Hausdorff dimension
decreases.

3.1.5. Disorder effects. The question of how quenched
disorder (meaning that coupling constants are random
variables that do not change during the system’s time evolution)
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τ

Figure 4. Time evolution of (a) magnetization, (b) logarithmic
derivative of the magnetization with respect to the reduced
temperature evaluated at the critical point (dM(t)τ ) and (c)
second-order Binder cumulant (U(t)) after annealing the ground
state at the critical point, for the SCa(5, 3). The insets show the
oscillation shape obtained by subtracting and normalizing by the
fitted power law.

affects the stability of long-range order is a long-standing one
(see, e.g., [8, chapter 8] and references therein). An important
issue is how disorder influences critical behaviour, in particular
whether it changes the universality class. Strong universality
means that the critical exponents are unchanged, and that
disorder only introduces logarithmic corrections. The form
of the scaling corrections (whether logarithmic or stronger)
is of interest. In particular, STCD scaling is modified when
quenched disorder is introduced.

The models we discuss here are Potts- or Ising-like,
defined by

H = −
∑
〈i,j〉

Jij δSiSj
, (3.11)

with different probability distributions P(Jij ) for the couplings
Jij . In this section, we consider systems with non-
competitive interactions (i.e. where all couplings have the
same sign). Spin glasses (where frustration arises because
competing ferromagnetic and antiferromagnetic interactions
appear randomly) are discussed in section 3.3.

In the site-diluted Ising model, some sites are randomly
suppressed from the Hamiltonian, corresponding to random

couplings defined by

Jij = Jεiεj , P (εi) = pδ(εi − 1) + (1 − p)δ(εi),

(3.12)

where p thus represents the site concentration. The STCD of
this model was studied by da Silva et al [76] on the square
lattice for 0.7 < p < 1.00. The static exponents β and ν

were found to be compatible with the standard 2D Ising case,
thus supporting strong universality for the statics (as also found
in [77]). On the other hand, evident breakdown of universality
was observed in the dynamics, with z and θ changing by a
factor of two in the p range studied. The 3D case was recently
studied for weak dilution (p = 0.8 and 0.95) [78]. The
critical exponents were obtained through STCD using scaling
corrections of the form M(t) ∝ t−θ (1 + btω/z). The obtained
exponents support the strong universality scenario.

The random-bond case corresponds to a bimodal
distribution P(Jij ) = pδ(Jij − J ) + (1 − p)δ(Jij − rJ ).
The ‘strength of randomness’ or ‘disorder amplitude’ 0 �
r < 1 is a fixed parameter and here p is the relative
concentration of bond types. The 2D random-bond Ising
model was studied in [79] for p = 1/2. This model has weak
universality [79]: exponents ν and γ depend on the strength of
randomness. To obtain the non-equilibrium critical exponents
of the autocorrelation function and the second moment of
the magnetization when the system is quenched from the
disordered state, the following corrections to STCD scaling
were proposed [79],

O(t) ∝ t−α(1 − bt−c), (3.13)

where O(t) is the relevant observable (say one of those listed
in table 1), α is the corresponding STCD exponent, and c and b

are constants. These corrections allow us to obtain the dynamic
exponent z in good agreement with that estimated by measuring
the relaxation from the ordered state.

Yin et al [80] studied the 2D random-bond q = 8 Potts
model for p = 1/2 and r = 3, 4 and 10 (for these values of
r the transition is second order, while for r < rc = 1.3 there
is evidence of a first-order transition [80]. For this value of
p, the critical point can be computed exactly [80]. The results
for β/ν show little dependence on the disorder amplitude. In
contrast, 1/ν depends on r , as has also been found for the
3-state Potts [81]. The dynamic exponent z is also r-dependent,
and much larger than in the 2D Ising model. For θ Yin et al,
find θ = 0.061(4) for r = 10, a value much smaller than
θ = 0.203(3) reported previously [82], apparently indicating
corrections to scaling induced by the disorder.

The STCD of the 3D q = 3 Potts model was studied
in [83]. In this work, the authors determined the critical value
of r , rc = 2.3(1) above which the second-order transition
becomes weak first order. For strong disorder (r = 10), the
scaling corrections (3.13) were applied to the Binder cumulant
and its logarithmic derivative in order to obtain the critical
exponents. The results support the universality of the phase
transition with respect to the disorder [83].

When the disorder amplitude is taken as r = 0 (i.e.
some interactions are randomly removed), the models are
called bond-diluted. The parameter p then represents the bond
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Figure 5. Some examples of the generating cells of the Sierpinski carpet sets used in [17]: (a) SCa(5, 3), (b) SCb(5, 3) and (c) SCc(3, 1, 2).

concentration. The STCD of the 3D bond-diluted q = 4 Potts
model was studied by Yin et al [84] using a non-equilibrium
reweighting [85]. They studied in particular the tricritical
region, found for p = 0.74 (for higher p the transition is
first order, and second order for lower p). They computed the
critical exponents for the continuous transition (at p = 0.44,
0.56 and 0.68), finding values in agreement with [86, 87]. The
exponents z, λ and β/ν are concentration-dependent, the latter
non-monotonically. For 1/ν, only a weak dependence was
detected.

Finally, Zheng et al [88] have studied an anisotropic bond-
diluted Ising defined by

H = −J0

∑
i,j

Si,j Si,j+1 −
∑
i,j

JjSi,j Si+1,j , (3.14)

where the coupling among columns Jj is random with
probability P(Jj ) = (1 − p)δ(Jj ) + pδ(Jj − J0). For bond
concentration 0 < p � 1, long-range order exists at a non-
trivial Tc. For strong dilution (p � 1), the scaling relations
corresponding to relaxation from the ordered state must be
corrected in order to obtain critical exponents independent of
disorder and initial state, and comparable to those of the 2D
Ising model [88]. The corrections are based on the critical
behaviour of the correlation length [89],

ξ(t) ∝ t1/z

[1 + C0 ln(t)]1/z′(p)
, (3.15)

where for p = 1, 1/z′(p) = 0. In this way, the magnetization
scaling can be written [79]

M(t) ∝ t1/z

[1 + A(p) ln(t)]B(p)
, (3.16)

where A(p) and B(p) are functions that depend only on the
bond concentration. The 3D case was studied by Parisi et al
[90]. In order to obtain the dynamic exponent z independently
of the disorder, the authors proposed the following correction
to the susceptibility at the critical point,

χ(t) = A(p)t1/νz + B(p)t1/νz−w/z, (3.17)

where w is the correction scaling exponent that corresponds
to the largest irrelevant eigenvalue of the dynamic
renormalization group [90, 91].

3.1.6. Surface effects. Real systems are always bounded
by surfaces or interfaces between different phases. These
break translational invariance and affect the nearby coupling
constants, and are thus expected to influence the physical
properties of the system, including the universal features. The
resulting critical behaviour depends only on general properties
of the surface and in turn can be classified in different surface
universality classes, stemming from the same bulk universality
class. They are in general characterized by surface critical
exponents, different from the corresponding bulk ones (see,
for example, the reviews [92–94]). Space and time correlation
functions involve new exponents β1/ν and λ1, respectively
[95]. On the other hand, there are no independent dynamic
critical surface exponents [95–98] (the exponents z and x0

remaining unchanged). In this context, several studies of the
STCD of surfaces [99–106] and thin films [107, 108] have been
performed.

Ritschel and Czerner [99] generalized the STCD treatment
to a magnetic system with a free surface, and derived the
dynamic scaling form for the dynamic relaxation. The
presence of a surface influences the dynamics of a particle
when the non-equilibrium (growing) correlation length ξ

becomes of the order or larger than the distance from the
particle to the surface, y [99]. As a result, the magnetization
close to the surface (y � ξ(t)) scales as

M(y, t, m0) ∼ y(β1−β)/ν tθ1 , (3.18)

with θ1 = (x0 − β1/ν)/z. The exponent β1 is the static
exponent of the surface magnetization [93]. Similarly, the
autocorrelation function A(t) (equation (2.8)) decays with
time as

A(t) ∼ y2(β1−β)/ν t−λ1 , (3.19)

where λ1 = d/z − θ1 [99].
A simple model used to study surface dynamics is the

semi-infinite Ising model,

H = −Js

∑
i,j∈surface

SiSj − Jb

∑
i,j∈bulk

SiSj , (3.20)

where Js and Jb are the surface and bulk coupling constants.
The first sum runs over pairs of nearest-neighbour surface
spins, whereas the second sum includes pairs with at least one
spin belonging to the bulk. In two dimensions, surface and
bulk order at the bulk critical temperature Tc independently
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Table 8. Critical exponents θ1 and λ1 = d/z − θ1 of the
semi-infinite Ising model corresponding OT and ST, as obtained by
STCD scaling [99, 102, 106]. Theoretical predictions (T ) are also
reported [102, 106].

β1/ν (T ) θ1 θ1(T ) λ1 λ1 (T )

2D OT 0.5 0.015(3) 0.014
3D OT 1.26 −0.255(4) −0.255 2.10(1) 2.10
3D ST 0.376 0.179(4) 0.178 1.16(2) 1.22

of the surface coupling. In three dimensions, however, the
surface behaviour depends on the ratio Js/Jb [109]. There are
three cases: (i) extraordinary transition (ET), where the surface
orders at a temperature higher than Tc, when Js/Jb > rsp, with
rsp = 1.5 for a cubic lattice; (ii) ordinary transition (OT),
where bulk and surface order at Tc, for Js/Jb < rsp; and (iii)
when Js/Jb = rsp the two critical lines meet at a multicritical
special transition (ST). The values of the exponents obtained
from STCD scaling corresponding to OT and ST are quoted in
table 8 and compared with the expected theoretical values.

Another (2D) semi-infinite Ising model is the Hilhorst–
van Leeuwen model, which has an extended surface defect
where the coupling constants have a constant value (J1) in
the direction parallel to the surface but in the perpendicular
direction depend on the distance y to the surface as J2(y) =
�y−ω + J2(∞). Depending on the interaction parameters,
different behaviour results: (i) when ω > 1 the model behaves
as the semi-infinite Ising model described above; (ii) ω < 1
and � > 0 result in OT; (iii) when ω = 1 and � < 1 non-
universal behaviour is obtained where the scaling exponent of
the space correlations is β1/ν = 1

2 (1−�). The last regime was
studied by means of STCD; the exponents θ1 and λ1 obtained
are given in table 9 together with the corresponding theoretical
predictions [102, 106].

In summary, in a spatially inhomogeneous system, such
as at a free surface, the local critical behaviour is generally
different from that in the bulk and one must introduce local
critical exponents. The exponents that govern the short-
time dynamics can be expressed in terms of scaling relations
between other known critical exponents. A similar situation
arises when inhomogeneities are caused by defects (see
section 3.1.7).

3.1.7. Non-universal critical behaviour. We conclude
section 3.1 considering other cases with non-universal
criticality studied through STCD.

The 2D Ising model with a defect line displays non-
universal critical behaviour due to inhomogeneity, and its
STCD has been studied in [102, 110]. Two types of defect
lines were considered: a chain defect where the spins along
the line have different coupling constants, and a ladder defect
where different coupling constants connect spins belonging
to neighbouring columns. In both cases, analytic expressions
for the exponent β1/ν as a function of the ratio of coupling
constants are reported in the literature [102, 110]. For the first
case, Simões et al [110] have verified by means of STCD that
β1/ν along the defect line depend on the ratio of the couplings,
while x0 and z remain unaltered. Similar results were reported
by Pleimling and Tglói [102] (see table 10).

Table 9. The Hilhorst–van Leeuwen critical exponents obtained
through STCD as a function of the parameter � for ω = 1 (see text).
Theoretical predictions (T ) are also included [102, 106].

� β1/ν (T ) θ1 θ1(T ) d/z − θ1 d/z − θ1 (T )

0.75 0.125 0.188(3) 0.187
0.50 0.250 0.131(3) 0.130 0.84(1) 0.85
0.25 0.375 0.076(4) 0.072 0.96(1) 0.96

−0.25 0.625 −0.045(2) −0.044 1.22(2) 1.19
−0.50 0.750 −0.107(4) −0.101 1.30(2) 1.31
−0.75 0.875 −0.157(3) −0.159
−1 1.000 −0.214(5) −0.217
−1.25 1.125 −0.29(1) −0.274
−1.50 1.250 −0.37(3) −0.332

Table 10. Critical exponent θ1 obtained from STCD for the 2D Ising
model with a ladder defect line as a function of the coupling
constant along the line (Jl). The theoretical predictions (T ) of βl/ν
and θl are also included [102].

J1 β1/nu (T ) θ1 θ1(T )

0.2 0.376 0.072(1) 0.071
0.4 0.278 0.118(1) 0.116
0.6 0.208 0.148(1) 0.148
0.8 0.159 0.171(1) 0.171
1.0 0.125 0.188(1) 0.187
1.2 0.101 0.199(1) 0.198
1.4 0.085 0.208(2) 0.206

Non-universality was also observed in the Ising model
with competing first- and second- neighbour interactions
[111–113]. The Hamiltonian is

H = −J1

∑
〈i,j〉

SiSj − J2

∑
〈〈i,j〉〉

SiSj , (3.21)

where 〈i, j〉 and 〈〈i, j〉〉 denote sums over first- and second-
neighbours. At T = 0, the system is ferromagnetic
for −J2/J1 < 1/2 and antiferromagnetic for −J2/J1 >

1/2 [111]. In the plane of reduced temperature kT /J1 versus
coupling constant ratio −J2/J1, the phase diagram has two
critical lines separating the ferromagnetic and antiferromagetic
phases from the paramagnetic phase. The exponents along
the ferromagnetic–paramagnetic line belong to the 2D Ising
universality class, whereas along the antiferromagnetic–
paramagnetic line they are non-universal, and they depend on
the coupling constant ratio [111, 112]. Alves and Drugowich
de Felicio [113] used STCD to show that θ , β and ν increase
with −J2/J1, eventually reaching their known Ising values.
However, the dynamic exponent z did not show a clear
dependence, which prevented conjecture about its universality.

Another case with non-universal critical behaviour studied
with STCD is the stacked-triangular XY antiferromagnet
(XY STA), which is the simplest model with frustration
induced by geometry. Perturbative RG calculations predict
a second-order transition [114, 115], but non-perturbative RG
methods point to a weak first-order one [116, 117]. MC
simulations indicate a second-order phase transition with a
set of critical exponents associated with a new universality
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class [118]. On the other hand, the XY STA model with rigid
constraint (STAR), where the structure of the ground state is
locally imposed at all temperatures, exhibits a first-order phase
transition despite it belonging to the universality class of the
STA XY [119]. In order to study the effect of the rigidity,
Bekhechi et al [120] have proposed a modified version of XY
STA model defined by

H(r) = −
∑
〈i,j〉

JijSiSj + r
∑

plaquettes

(SASBSC)2, (3.22)

where the Jij are antiferromagnetic, the subscripts A, B, C

label the three sub-lattices on the corners of each elementary
triangle, and ‘plaquettes’ refers to the disconnected triangles.
The parameter r imposes the constraint to the short wavelength
fluctuations of the order parameter and allows a continuous
change from STA to STAR when varying from 0 to ∞. For
r > 1, there is a first-order transition, but for r < 1,
critical behaviour with r-dependent exponents is observed.
STCD scaling results [120] indicate that the phase transition
is accompanied by hysteresis for several values of r , which
suggests that the transition of STA XY is weakly first order in
agreement with the non-perturbative RG arguments.

3.2. Kosterlitz–Thouless transitions

Kosterlitz–Thouless (KT) transitions [121] are continuous
phase transitions in which the correlation length diverges
exponentially when the transition temperature TKT is
approached from above (ξ ∼ eb/εν

when T → T +
KT, with

ε = T − TKT/TKT). The susceptibility diverges as χ ∼ ε2−η

with η = 0.25 [122]. Below TKT, ξ and χ are always infinite; in
this sense it is said that the system is ‘always critical’. Another
remarkable aspect is that there is no symmetry breaking at
T < TKT, with quasi-long-range ordering present in the
system.

KT transitions occur in several widely studied 2D models
with short-range interactions: the XY model, its fully frustrated
version (FFXY), and the 6-state clock model. The Hamiltonian
of these models is given by

H = −J
∑
〈ij〉

fijSiSj = −J
∑
〈ij〉

fij cos(ϑi − ϑj ), (3.23)

where a spin is represented by a 2D vector Si with unitary
modulus or by its angle ϑi . In XY or FFXY, ϑ spans the
interval 0 � ϑi < 2π , while in the 6-state clock it takes the
discrete values ϑi = 2π/6ni , ni = 0, . . . , 5. J is the coupling
constant. In the clock and XY models, fij = 1, while for the
FFXY it depends on the particular version of the model. A
simple realization for fij is given in [123], which defines a
sub-lattice structure.

The KT transition for the XY was found numerically
to be at T XY

KT = J
kB

0.894(5) [124]. The FFXY model has

a KT phase transition located at T FFXY
KT = J

kB
0.4460(1) or

T FFXY
KT = J

kB
0.440(2), and an Ising-like phase transition at

T FFXY
c = J

kB
0.452(1) or T FFXY

c = J
kB

0.454(2) according
to [125] or [126], respectively. Approximate analytic and
numeric results have shown that the 6-state clock model has

two KT transitions, at T 1
KT = J

kB
0.645 [127] and T 2

KT =
J
kB

0.92(1) [128].
The transition has also been studied by observing its

STCD behaviour near the Kosterlitz–Thouless temperature.
It has been found that if the XY, the FFXY and the 6-state
clock models are started from disordered configurations with
a small magnetization m0 along the x-axis and are quenched
near T � TKT, the dynamic evolution of the magnetization
along the x-axis Mx(t) (the y-component is zero all along
the evolution) increases as a power law after the microscopic
time regime [129, 130], and it is independent of both the m0

(the magnetization M(t) = (Mx(t), My(t)) is the OP) and the
dynamics employed [129]. The same happens if one considers
a different sub-lattice magnetization for the FFXY model. In
consequence, the dynamic behaviour of the model is universal
for Mx(t), although this observable is not the OP of the system
because it breaks the O(2) symmetry below TKT. So, the
exponent θ can be defined. In the T < TKT regime, θ increases
as T decreases for the XY, FFXY and the 6-state clock models
[129–131]. Also, Czerner et al estimated the exponents η and
z in the 6-state clock model by measuring the second moment
of the magnetization and the autocorrelation function, also for
temperatures T < TKT. They found that z is almost constant
within error bars, while η decreases when T goes to zero [130].

If the system is started from an ordered configuration
with m0 = 1, the results in the XY and FFXY suggest that
there is a universal power-law behaviour in the short-time
regime. The initial condition is obtained by imposing an initial
magnetization directed along the x-axis and equal to 1, so
Mx(t = 0) = 1 for the XY model, while for the FFXY model
Mx(t = 0) � 1 because of the frustrated ground state [2]. By
measuring Mx(t) [124] and the Binder cumulant U(t) [132],
the exponents η and z could be estimated for both the XY and
FFXY models [124, 133]. For the XY, the calculated values
of η are in accordance with those estimated theoretically at
T = TKT [122] and numerically measured in equilibrium states
for T � TKT [124, 133]. The same happens for the FFXY
model at T = TKT, but at T � TKT the values are larger than
those numerically calculated in equilibrium measurements
[133], due to strong finite-size effects. Furthermore, for both
models, the calculated values of z remain almost constant
around z � 2 for all investigated temperatures T � TKT

[132], and are in good agreement with the value predicted
theoretically [134]. Also, the calculated values of η and z for
the FFXY model suggest that the transition temperature is near
T = J

kB
0.440 rather than T = J

kB
0.446, as estimated in [125].

3.3. Spin glasses

Spin glasses are systems with quenched random interactions
leading to frustration and very slow approach to equilibrium
at low temperatures. The early evolution of these systems has
also been studied. These models exhibit a phase transition
between a paramagnetic (PM) and a spin-glass (SG) phase
where the spins freeze in random directions. The short-
time studies of these kinds of systems are relevant because
these models are generally affected by ageing phenomena, i.e.
quantities will depend on the waiting time, that is the time
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elapsed between the establishment of the initial condition and
the start of measurements. This is also an issue in experimental
studies.

One of the most studied SG models is the 3D ±J Ising
spin glass, defined by the Hamiltonian equation (3.11) where
the Jij are taken equal to ±J with equal probability. Luo
et al investigated the critical behaviour of this model in a cubic
lattice, and measured the increase and dynamic exponents, θ

and z [131].
The OP of the spin-glass transition is not the magnetization

but the Edwards–Anderson parameter qEA, or the overlap
distribution [135]. However, qEA cannot be computed on a
single configuration. Accordingly, Luo et al set up two replicas
as follows. For a given realization of the disorder, they started
from a random configuration and evolved it to generate a low
energy configuration S0

i . Then two independent replicas with
small magnetization m0 were generated by randomly setting
each spin site with S0

i = 1 or −1 with probability (1 + m0)/2
or (1 − m0)/2, respectively. They then followed the evolution
of the overlap

Q(t) = 1

Ld

∑
i

S1
i (t)S

2
i (t), (3.24)

where S1
i (t) and S2

i (t) represent the (independent) evolution
spin i in each replica. It is expected that Q(t) will increase as
a power law,

Q(t) ∝ m0t
2θ . (3.25)

For the Ising model, Q should behave as the second moment
of the magnetization.

The evolution of Q(t) was followed above, below and at
the critical temperature, quoted as Tc = 1.175(25) J/kB (kB is
Boltzmann’s constant) [136]. A double average is performed:
over the thermal history and over disorder. It was found [131]
that at Tc, Q(t) is a power law after a short microscopic time,
and the exponent θ was estimated as θ = 0.085(5). At
temperatures larger than Tc, Q(t) bends downwards. However,
at temperatures slightly below Tc, Q(t) is still a power law, with
a similar exponent θ = 0.09, suggesting that Tc is even below
that reported in [136].

The scaling relation λ = d/z − θ obtained for the
autocorrelation function in the Ising model (see table 1) was
tested. Taking λ = 3.9 [137] and θ as inputs, the dynamic
exponent was obtained as z = 6.3, which is in good agreement
with the values reported in [138–140].

A more extensive and thorough study of the same model
was performed by Ozeki et al [141]. These authors consider
ageing effects by taking into account the waiting time tw. The
initial configuration was obtained starting from a state with
all spins up and letting it evolve for a time interval tw at a
temperature T . Then, two identical replicas S1(0) and S2(0)

are generated from it, and evolved with different realizations
of the thermal bath. The order parameter is again the overlap
but the tw dependence is explicitly considered,

Q(t, tw) = 〈〈S1
i (t + tw)S2

i (t + tw)〉F 〉J , (3.26)

where 〈. . .〉F and 〈. . .〉J mean average over thermal history
and disorder, respectively. If tw is small, the initial system

will be far from equilibrium, but in the limit tw → ∞, the
system approaches equilibrium. So the short-time evolution
of Q(t, tw) will depend on tw. In this way, the ansatz for the
dynamical critical evolution of Q(t, tw) is

Q(t, tw) = F(tw)t−λ, (3.27)

where F is an unknown function of tw. In the Ising model, λ

is equal to β/zν (table 1).
Ozeki et al investigated the critical evolution of Q in the

SG and PM phases, for several tws in the range 1 � tw � 108.
In the PM phase, Q(t, tw) decays exponentially with a
characteristic thermalization time τ that depends only on T . If
tw < τ , the decay depends on tw because the state at t = tw is
not in equilibrium. If tw > τ , the initial state is an equilibrium
state, so Q(t, tw) is independent of tw. The amplitude F(tw)

(equation (3.27)) does not depend on tw if tw > 102.
The local slope λ(t, tw) = −d log Q(t, tw)/dt increases

with tw and diverges in the t � tw regime, a consequence of
the exponential decay. For t ∼ tw, λ(t, tw) still increases with
all tws considered, and reaches a constant value independent of
tw if t � tw because Q(t, tw) is in equilibrium. It is expected
that λ(t, tw) → 0 in the tw → ∞ limit.

At T = Tc, Q(t, tw) shows two power-law regimes, with
a crossover that occurs at t ∼ tw. In the first power law at
t � tw, the amplitudes F(tw) do not depend on tw, while they
do in the second (t � tw) regime. The local exponent does not
depend on tw in either regime.

For T < Tc, Q(t, tw) reaches a finite value with some
SG ordering in the t � tw regime, and λ(t, tw) decreases with
tw. Finally, if t � tw Q(t, tw) shows a power-law behaviour
with λ(t, tw) independent of tw. The increase (decrease) in
λ at T > Tc (T < Tc) helped us to find upper and lower
bounds for Tc, namely 1.0 � Tc � 1.25, in agreement with
previous measurements in smaller lattices. Furthermore, by
performing a dynamic scaling [141], the exponent of both
power laws at T = Tc was estimated as λ(t < tw) = 0.06(2),
consistent with equilibrium measurements [137–139], and
λ(t > tw) = 0.16(2).

3.4. Helix–coil transition in polypeptides

The folding of proteins involves transitions between different
thermodynamics states, and its mechanism is a long-standing
problem in protein science. One of the most studied
folding transitions is the helix–coil transition, which has been
approached with several methods, including RG techniques
and, recently, STCD. At high temperatures, the prevailing
structure is a disordered coil, while for low temperatures one
finds mostly helical structures. In the case of polyalanine, for
which the infinite size limit can be defined, some evidence has
been reported that it can be considered a true thermodynamic
phase transition [142, 143].

The STCD of the helix–coil transition was recently studied
in a MC simulation of an all-atom representation model of
polyalanine chains of N residues, (Ala)N [144, 145]. The order
parameter of the transition is

qH = 2〈nH(T )〉/(N − 2) − 1, (3.28)
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where 〈nH〉 is the average number of helical residues. A
residue is defined helical if its backbone dihedral angles (φ, ψ)
take values in the range (−70◦ ± 30◦,−37◦ ± 30◦), and the
residue is hydrogen bonded. The dynamics were studied
starting from the completely ordered phase (qH = 1). At the
critical temperature, the time evolution of qH is expected to
be described by equation (2.9). The different exponents were
determined with the aid of the relations for the relaxation of
the second cumulant and logarithmic derivative of M for the
ordered case (table 2).

For (Ala)N , the STCD-determined critical temperature
is N -dependent. The estimated values are lower than the
estimates from the peak in the specific heat, the discrepancy
due to the finite size of the system (the values of N were 10, 20,
30 and 40). For all N , however, the exponents are the same,
namely β/νz = 0.30, 1/νz = 0.77 and d/z = 1.10 [145].
These values rule out a first-order transition.

The study has also been extended to a model of peptide
fragment PTH(1–34), corresponding to residues 1–34 of the
human parathyroid hormone. Unlike homopolymers, this
protein has a unique sequence, so that critical exponents cannot
be determined by other techniques because it is not possible to
define the infinite chain length limit. In this case, the nature
of the transition had not been established. The results show
a power-law behaviour with the same exponents as in the
previous case. Since in PTH(1-34) the side chains differ for
each residue, this result suggests that the order of the transition
does not depend on the side chains. It is also independent of the
number of residues. In summary, it seems that the helix–coil
transition in protein-like polymers is universal.

These results show that STCD opens a new way to
characterize the helix–coil transition, and in particular that it is
a very useful tool to apply to proteins where the infinite chain
length limit is not meaningful.

3.5. Dynamics of damage spreading in confined geometries

Damage spreading is a method for studying the propagation
of perturbations in lattice systems, and it has been applied to
the Ising magnet, spin glasses, Potts model, cellular automata
and biological models (see the recent review [146]). It
consists in simulating the system by starting with two initial
configurations SA(T ) and SB(T ) differing from each other
only in a small number of sites. Then both configurations are
allowed to evolve under the same realization of the thermal
noise (in Monte Carlo terms, one uses the same sequence of
pseudo-random numbers for both configurations). Thus, at
time t the difference between SA and SB will be due only to
the small initial perturbation, or damage, introduced at t = 0.
The Hamming distance is used as a measure of the damage
D(t) [147],

D(t) = 1

2N

N∑
l

|SA
l (t, T ) − SB

l (t, T )|. (3.29)

The sum runs over the whole lattice, and l labels the
sites. SA(t, T ) is taken as an equilibrium configuration at
temperature T , while SB(t, T ) is the damaged configuration

[147, 148]. If the perturbation introduced in SB is small
(D(t = 0) ∼ O(1/N), N being the number of sites), there
are two possible scenarios: (i) the perturbation disappears after
some time and D(t → ∞) → 0 in the thermodynamic limit or
(ii) D(t → ∞) is finite, and the perturbation is relevant. Thus
there is a transition between a state where damage heals and a
state where the perturbation propagates throughout the system.
This is a continuous and irreversible critical transition [146],
known as the damage spreading (DS) transition. Precisely at
the transition temperature, the damage heals, but (analogous to
the OP in second-order transitions) at short times the damage
increases as a power law,

D(t) ∼ t θD . (3.30)

Two quantities are of interest in describing the damage
dynamics. One is the damage survival probability P(t),
defined as the probability of finding non-zero damage at time t .
It is expected that at the critical point P(t) should decay as a
power law [149],

P(t) ∝ t−δ. (3.31)

The second quantity describes the spreading of damage in
space when starting with an initially localized perturbation.
Then we can define

R2(t) =
〈

N∑
l

|SA
l (t, T ) − SB

l (t, T )|r2
n

〉
B

∝ t z
∗
, (3.32)

where r2
n is the squared distance from n to the site of the original

(local) perturbation, z∗ is a critical exponent and 〈. . .〉B means
an average over different realizations of the thermal bath.

The DS transition temperature TD depends on the
dynamics, and need not coincide with the critical
temperature(s) of thermodynamic transition(s) that the model
might exhibit. For instance, in the 2D Ising model with Glauber
dynamics, TD = 0.992(2)Tc [150] (Tc is the Onsager critical
temperature). The universality class of the DS transition is still
an open question. Grassberger [151] conjectures that it belongs
to the directed percolation (DP) universality class [152–154] if
TD does not coincide with a thermodynamic critical transition.
The conjecture seems to hold for the Domany–Kinzel cellular
automata [151], the 2D Ising model with Swendsen–Wang
dynamics [155] as well as the deterministic cellular automata
with small noise [156]. However, a different behaviour has
been observed in the Kauffman model [157, 158] and the Ziff–
Gulari–Barshad (ZGB) model in 2D [159] (see also [146]).

STCD has been applied to DS in the Ising model at
the Onsager temperature with heat-bath dynamics in d = 2
and 3 by Grassberger [160]. The exponent θD (3.30) was
found to be θD = 0.191(3) (d = 2) and θD = 0.104(3)

(d = 3). The damage survival probability exponent (3.31)
was found to be δ ≈ 0.9 (d = 2) and δ ≈ 1.1 (d = 3). For
random independent initial configurations (i.e. half of the spins
damaged on average), a decrease in damage is observed and a
power law with an exponent θ ′

D = 0.43(2) (d = 3).
A more recent study [161] applied the STCD technique

to study DS in the 2D Ising model with Metropolis dynamics.
In this work, the starting configurations SA were chosen with
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Figure 6. Plots obtained for a lattice of side L = 2048 and different temperatures T as indicated in the figure. (a) Damage (D(t)) versus t .
The dashed line (corresponding to T = Tc) has slope θD(L = 2048) = 1.91 and the full line (T = TD ≈ 0.51Tc) has slope θD = 1.026(3).
(b) Survival probability of damage (P(t)) versus t . As can be observed, at T = Tc, P(t) reaches a stationary value corresponding to δ = 0.
The full line (T = TD ≈ 0.51Tc) has slope δ = 0.133(1). (Color online.)

initial magnetization strictly equal to zero (corresponding to
T = ∞). Suddenly, the system is quenched at a certain
temperature T , and the damage is applied to the replica
configuration SB by flipping N0 spins. In this way, the
initial damage D0 = 1/N0 is strictly equal to the initial
magnetization m0.

It was found that the value of the exponent θD at the
Onsager temperature depends on the initial magnetization
m0. To establish the value of θD in the m0 → 0 and
L → ∞ limits, an epidemic study was carried out, damaging
by flipping a single spin, so m0 = 1/L2 (triangles in
figure 6(a)). After appropriate finite-size scaling, the result
is θD(L → ∞, m0 → 0) = 1.915(3). This exponent is much
larger than the exponent for the initial increase for the
magnetization θ = 0.197 [2]. The same study considered the
damage survival probability, and found that at T = Tc, P(t)

reaches a stationary value, corresponding to δ = 0 (triangles in
figure 6(b)). This result is in agreement with that reported by
Montani and Albano [162] in the 2D Ising Model with Glauber
dynamics.

Furthermore, there is another (lower) temperature where
both D(t) and P(t) behave as power laws. This happens
at TD = 0.51(1)Tc, and the corresponding exponents were
calculated to be θD = 1.026(3) and δ = 0.133(1) (see figure 6).
Also, z∗ = 1.74(3) was found at TD.

The values of these exponents differ from those reported
by Grassberger for the Ising model with heat-bath dynamics
at Tc [160]; however, it is worth mentioning that both systems
are quite different. In fact, here the damage is introduced
in a completely uncorrelated configuration that is suddenly
quenched at a temperature T , and subsequently the damage
starts to evolve with standard Metropolis dynamics. Therefore,
a completely different scenario is expected. Furthermore, the
critical behaviour is not observed at Tc—or close to it, as
usual—but at a lower temperature T ≈ 0.51Tc.

3.6. First-order transitions

If the first derivatives of the free energy are discontinuous at the
transition point, the transition is called first order. In this case,

when the free energy curves of the high- and low-temperature
phases intersect (i.e. at the transition), they have different
slopes, so that both stable and metastable states exist in some
interval around the transition. If the transition temperature is
Tc, then when T is varied smoothly from T > Tc to T < Tc, the
system remains in the phase corresponding to thermodynamic
equilibrium at T > Tc. When the phase survives despite being
carried out beyond its thermodynamic ‘homeland’, it is called
metastable. The metastable phase has a finite (though possibly
very long) lifetime, but it is no longer observed if T < Tsp.
The temperature Tsp is called the spinodal temperature.

In far-from-equilibrium situations, first-order irreversible
transitions are also characterized by a discontinuity in the
relevant observables when the system passes from one phase to
the other. These transitions display the same characteristics as
their equilibrium counterpart, namely metastability, hysteresis
and spinodals [163, 164]. Due to these effects, the
determination of the transition point becomes very difficult.
The STCD technique can avoid the influence of the metastable
states and hysteresis, e.g. using a mixed-phase initialization,
which is a configuration consisting of both the ordered and
disordered states separated by a flat interface. The dynamic
evolution of the OP is recorded, and a local exponent is
evaluated. The critical temperature is then identified as that
where a decreasing trend of the OP in the t → ∞ limit (for the
disordered phase, T > Tc) changes into an increasing trend (for
the ordered phase, T < Tc). This method has been successfully
tested for the Potts model with q = 20 and q = 5 [165]. Also,
it has been shown that although STCD is not applicable to
the continuous disorder-driven transition of the random-bond
Ising model at zero temperature and field, it can be applied to
the first-order field driven transitions of that model [166].

One important application of STCD is as a criterion to
distinguish between second- and weak first-order transitions.
Near a weak first-order transition there are two ‘pseudo-critical
points’ T ∗∗ < Tc < T ∗, which are close together in the weak
first-order case, and become identical to Tc for second-order
transitions. Using STCD with high (low) temperature initial
conditions (i.e. m0 � 0 or m0 = 1), the temperature T ∗ (T ∗∗)
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can be determined. The difference T ∗−T ∗∗ is a measure of the
strength of the transition, and it has been applied, among others,
to the Potts model with q = 5 and q = 7 [167], the XY non-
collinear magnets [120], and driven lattice gas (DLG) [168]
(see section 4.1). Also, for the first-order irreversible phase
transition of the ZGB model, the analysis of the STCD seems
to agree with the spinodal point of the model [169]. The
underlying idea is that T ∗ (T ∗∗) is the upper (lower) spinodal
point. At this point, the low (high) temperature phase becomes
unstable, and in this sense it resembles the critical point of a
second-order phase transition.

Based on these facts, it has recently been shown that
STCD can be applied to the spinodal point in the fully
connected Ising model [170] (in this mean-field-like model,
the spinodal can be rigorously defined [171]). In this case,
the extended free energy per particle, the spinodal fields hsp

and magnetizations msp were exactly calculated. Also, the
complete set of (static) critical exponents associated with the
divergences at the spinodal can be analytically derived. By
taking the order parameter as �m = m − msp, and assuming
that the relationships of table 1 are valid by taking h as the
control parameter instead of T , STCD has been successfully
used to determine this spinodal. Fixing h at h = hsp

and starting the simulation from the ordered initial condition
(�m = 1), the time series of the OP and its second moment
(�m and �m(2)) exhibit a power-law behaviour. Also, the
static critical exponents can be correctly retrieved from the
dynamic exponents using the equations of table 1.

The same study has been carried out for the nearest-
neighbour q-state Potts model for different values of q > 4,
where the transition is first order [170]. The transition
temperature Tc and the lower spinodal magnetization msp are
known exactly as Tc(q)/J = 1/ ln (1 +

√
q) and msp = 0,

respectively [172]. Figure 7 shows the dynamic behaviour
of the magnetization and the corresponding second moment,
starting from a completely disordered state for q = 96. One
observes a clear power-law increase, spanning two decades in
time, for T = T

(−)
sp = (0.950 ± 0.002)Tc.

In the case of short-range interactions, STCD identifies
pseudo-critical dynamic behaviour, which lasts for a finite
time. This corresponds to the known fact that there is no true
singularity in the spinodal zone [173]. The susceptibility and
relaxation times of the metastable phase increase as one goes
deeper into the metastable region, and if they are extrapolated
with a power law, they seem to diverge at a point beyond
the metastability limit [174, 175] called pseudo-spinodal. The
pseudo-spinodal is very difficult to determine because one has
to sample the metastable zone. Using two-time correlation
functions and fluctuation–dissipation relations, one needs to
ensure that the system is in (meta-)equilibrium and that no
nucleation effects are present. Figure 8 shows the correlation
time (τR), the specific heat (ch), and the magnetic susceptibility
(χT) computed in the stable and metastable regimes for the
Potts model. All these quantities grow in a way compatible
with a divergence at T = T

(−)
sp = 0.950Tc. Continuous lines

are fits to a power law, while dashed lines (for ch and χT)
are corrections to the scaling used in order to include lower
temperatures in the fit. So, the temperature T

(−)
sp identified by

STCD is equal to the pseudo-spinodal temperature.
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Figure 7. Short-time behaviour in a supercooled state at different
temperatures for q = 96 and L = 480. Full lines are power-law fits
for T = 0.950Tc. (a) Order parameter m; (b) second moment m(2).
(Color online.)

The same behaviour is found for q = 12, 24, 48, 96
and 192. Figure 9 shows (Tc − T

(−)
sp )/Tc versus q, including

the ‘pseudo-critical’ temperatures found in [167] with STCD
analysis and for q = 7, 10 found in [175] by sampling stable
states. The data are very well fitted by the logarithmic form
A loga(1 +q −4) with a = 3.10, in qualitative agreement with
the behaviour of the mean-field solutions.

Thus the STCD technique allows us to determine
(pseudo)spinodals without need of equilibrium data, which is
an essential requirement when using standard methods.

4. Non-equilibrium phase transitions

The formalism of statistical mechanics, as built upon the
ideas of Boltzmann and Gibbs, must in principle be applied
to systems in thermodynamic equilibrium. However, many
interesting natural systems are found in out-of-equilibrium
states. Non-equilibrium states display mass and energy fluxes,
which can be generated by the boundary conditions (in space
and/or time), by a time-dependent external field or both [176].
The non-equilibrium state in general cannot be characterized
by the external parameters (temperature, potential gradients,
etc) alone, and it depends on the whole history of the system.
However, these parameters are enough to specify the state in
the simplest case, namely when the fluxes are stationary. These
states are called non-equilibrium steady states (NESSs).
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Figure 8. Relaxation time, specific heat and magnetic susceptibility
as a function of (T − T (−)

sp )/Tc in the metastable state for q = 96
and taking Tsp/Tc = 0.950. The continuous lines are power-law fits.
The vertical dashed lines are T = Tc. The dashed lines are fits with
a corrected power law [170].

Variation of the external parameters may destabilize the
non-equilibrium state. These instabilities will cause a change
of state, and can be followed by ordering phenomena analogous
to those of equilibrium systems. These changes are called non-
equilibrium phase transitions [177, 178].

There is no general theoretical framework yet to treat
non-equilibrium phase transitions. Several approaches have
been proposed, such as the search for exact solutions, mean-
field theories, renormalization-group techniques, molecular
dynamics and Monte Carlo simulations [8, 176]. In this
context, the STCD technique has proved to be a very
useful tool.

In this section, we review the results that have been
obtained applying STCD to the driven lattice gas (section 4.1),
the Vicsek model for collective displacement (section 4.2), and
self-organized criticality (section 4.3).

4.1. The driven lattice gas

One of the simplest models that captures many essential
features of non-equilibrium behaviour is the driven lattice gas

0.5 1 2 4 8
ln (1+ q - 4)

1x10
-4

2x10
-3

4x10
-2

(TC-Tsp) / TC

Figure 9. (Tc − T (−)
sp )/Tc versus ln(1 + q − 4). For q = 5, 7 data

were obtained using STCD analysis in [167], and for q = 7, 10 as
pseudo-spinodals using stable states in [175]. The continuous line is
a fit of the data with A lna(1 + q − 4) with a ≈ 3.10. The triangles
pointing up, down triangles, open dark squares and full circles are
points obtained by Fernandez et al [175], Schülke and Zheng [167],
Loscar et al [170] and Ozeki et al [165]. The open squares below
ln(1 + q − 4) = 2 are points obtained for this work. The new
determination gives values for Tsp a little farther from the transition
as compared with [167], and the difference is probably due to size
effects (we used L = 1000 instead of L = 560).

(DLG), proposed by Katz et al [179]. It is an interacting system
driven into NESSs by an external field. It exhibits remarkable
properties, such as its non-Hamiltonian nature, the violation
of the fluctuation–dissipation theorem, the occurrence of
anisotropic critical behaviour [180], the existence of a unique
relevant length scale in the anisotropic pattern formation at low
temperatures and the consequent self-similarity in the system
at different evolution times [181].

The 2D DLG is defined on a square lattice with rectangular
geometry (Lx × Ly) and periodic boundary conditions. The
degrees of freedom are the site occupation numbers ni,j =
0, 1 (i = 1, . . . , Lx , j = 1, . . . , Ly). With NN attractive
interactions (J > 0) and without field, the Hamiltonian
corresponds to the Ising lattice gas,

H = −4J
∑

〈ij,i ′j ′〉
ni,jni ′,j ′ , (4.1)

where the sum runs over NN sites only and the dynamics are
such that the density ρ0 (fraction of sites with ni,j = 1) is fixed.
In MC simulations, a driving field E is introduced through a
modified Metropolis probability,

p = min[1, exp(�H − ηE/kBT )], (4.2)

where �H is the change in H after the attempted move and
η is −1, 0 or 1 for a particle hopping against, orthogonally or
along the field, respectively.

At high T , the DLG exhibits a gas-like disordered state,
but at low temperatures an anisotropic NESS emerges. This
ordered phase is characterized by stripes of high and low
density, aligned with the field axis. For ρ0 = 1/2, the transition
is continuous [180]. Extensive MC simulations have shown
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that the critical temperature depends on the external field, and
that it saturates for E → ∞ at a value Tc � 1.41TO = 3.20
(TO = 2.269 J/kB is the Onsager critical temperature of the
2D Ising model) [180]. The field generates a strong anisotropy
and, as a result, a double set of critical exponents (longitudinal
and transverse) is needed to account for both the critical
dynamics and steady-state behaviour of the correlation lengths.
For other values of the density, the transition is first-order [180].

4.1.1. The second-order case. The universality class of the
second-order transition when ρ0 = 1/2 has been the subject of
a long-standing debate. In the first theoretical investigations,
Janssen et al introduced a mesoscopic Langevin equation
preserving mass conservation and the symmetries of the model
(invariance under field reversal E → −E and particle–hole)
and a term representing a current proportional to the external
field. As usual, an uncorrelated white noise term represents the
fast degrees of freedom. Using an expansion up to first order
in ε = 5 − d, it was found that the upper critical dimension
is d = 5, and the static critical exponents for d = 2 in the
E → ∞ limit were calculated, obtaining β = 1/2 for the
order parameter and ν‖ ≈ 3/2, ν⊥ ≈ 1/2 for the correlation
length exponents in the parallel and perpendicular direction
of the driving field, respectively. Thus it was concluded that
the model belonged to a new universality [182–184]. The
values found for these exponents are different from those found
by Vallés and Marro in MC simulations, using the isotropic
finite-size scaling theory to collapse the NESS data of the
magnetization along the parallel direction [185]. These authors
found β ≈ 1/3. More recent simulations by Leung [186]
instead found a good collapse of the data using anisotropic
scaling expressions with the critical exponents of Janssen et al
However, subsequent analysis of Leung’s data by Achahbar
and Marro [187] and Marro et al [188] showed that the data
could also be collapsed using the critical exponents of Marro
and co-workers in [185].

Due to this discrepancy, Garrido and co-workers [189]
proposed an alternative theoretical treatment, starting from
a master equation and obtaining a corresponding Langevin
equation by performing a Kramers–Moyal expansion to second
order in ε = 3−d. The main difference between this equation
that of Janssen et al is that the term containing the external
field vanishes in the E → ∞ limit. The resulting equation was
already known (it had been developed for a variant of the model
called random driven lattice gas (RDLG), where the direction
of the field changes randomly on each MC trial [190]). The
critical exponents of the d = 2 DLG in the E → ∞ limit were
thus estimated with RG techniques as β ≈ 0.33, ν‖ ≈ 1.22
and ν⊥ ≈ 0.63 [191–193], corresponding to the universality
class of the RDLG. These results were later supported by
the numerical results of Achahbar et al, who also employed
anisotropic finite-size scaling theories to analyse the NESS
data [194].

In the simulations summarized above, the NESS data are
somewhat affected by the choice of the lattice aspect ratio
S = Ly

ν‖/ν⊥/Lx . This is akin to assuming the ratio ν‖/ν⊥
is known before analysing the data, so the collapse will be
biased towards one result. To avoid this bias, Albano et al

studied the dynamical evolution of the DLG using STCD [195].
In this work, the early-time critical evolution of the model
was investigated starting from two kinds of initial conditions:
(a) fully disordered configuration (FDCs), which means that
the system is initially placed in a thermal bath at T → ∞,
and (b) ground-state configuration (GSC) or the equilibrium
T = 0 configuration, consisting of a single stripe at the centre
of the lattice and directed along the field. The OP measures
the density fluctuations along the field axis,

OP = (RLy)
−1

Ly∑
i=1

|P(i) − ρ0|, (4.3)

where Ly(x) is the lattice size in the perpendicular (parallel)
direction to the applied field, P(i) = (Lx)

−1 ∑Lx

i=1 ηij is the
perpendicular density profile, ρ0 is the particle density and
R = 2ρ0(1 − ρ0) is a normalization constant.

Assuming an anisotropic scaling, the authors proposed
the following ansätze for the short-time evolution of OP(t):
starting the system from FDCs,

OP(t, τ, Lx) = b−β/ν‖OP∗(b−z‖ t, b1/ν‖τ, b−1Lx), (4.4)

and starting from GSC,

OP(t, τ ) = b−β/ν⊥ ÕP(b−z‖ t, b1/ν⊥τ), (4.5)

where τ = T − Tc/Tc, OP∗ and ÕP are scaling functions, b is
a spatial rescaling factor, β is the critical exponent of the OP,
ν‖(⊥) is the longitudinal (transverse) critical exponent of the
correlation length and z‖ is the corresponding dynamic critical
exponent. By setting b ∼ t1/z‖ in both equations, the time
evolution of OP(t) is obtained as

OP(t, τ, Lx) ∝ L−1/2
x tc1 OP∗∗(t1/ν‖z‖τ) (FDC), (4.6)

OP(t, τ ) ∝ t−c3 ˜̃OP(1, t1/ν⊥z‖τ) (GSC), (4.7)

where c1 = (1 − 2β/ν‖)/2z‖ and c3 = β/ν⊥z‖. Also, in (4.6),
L

−1/2
x is the initial amplitude of OP that is originated from the

construction of the FDC configurations [195], and its scaling
form was conjectured from the empirical data. As c1 and c3

are not enough to obtain the complete set of exponents, the
calculation of the derivative of ln OP(t) (or OP(t)) with respect
to τ (at the critical point) is needed in the FDC (GSC) case,

∂τ ln OP(t, τ )|τ=0 ∝ t c2 (FDC), (4.8)

∂τ OP(t) ∝ t c4 (GSC), (4.9)

where c2 = 1/ν‖z‖ and c4 = (1 − β)/ν⊥z‖. In this
way, all critical exponents, except z⊥, can be computed
since all expressions above only take into account the critical
dynamic behaviour of the parallel correlation length through
the exponent z‖. In fact, as shown numerically in [196],
critical correlations along the driving field axis are dynamically
dominant over the transverse correlations in the short-time
scale, regardless of the initial condition. This fact contradicts
the idea that the longitudinal (transverse) correlations must
develop first when the system is started in the FDC (GSC)
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Figure 10. Double log plots of the time evolution of the order
parameter OP(t) at the critical temperature for the DLG with FDC
(a) and GSC (b) initial conditions. The system sizes employed are
indicated in the legend with the notation Lx × Ly . Note that in the
FDC case all curves can be collapsed by accounting for the initial
ordering using equation (4.6).

Table 11. Critical temperatures and exponents of the DLG and
RDLG models, obtained through STCD, and those calculated by the
theoretical approaches summarized in the text.

Model Tc β ν‖ ν⊥

DLG 3.200(10) 0.330(30) 1.221(40) 0.644(40)
RDLG 3.160(20) 0.311(30) 1.168(40) 0.671(40)
Janssen’s equation — 1/2 �3/2 �1/2

[182–184]
Garrido’s — �0.33 �1.22 �0.63

equation [189]

initial conditions, in order to uniquely describe the long-time
behaviour of OP(t) [197].

When T is tuned to the critical temperature, OP(t) follows
a power law (figure 10). Critical exponents obtained from
exponents ci are in good agreement with the values of the
field-theoretical description of Garrido et al [191–193]. Unlike
previous studies under NESS conditions [186, 194], the data
are not biased by assumptions about lattice shape [179, 180],
which must be fixed in stationary simulations due to the
anisotropy of the system.

In the same work, the RDLG was studied [195], finding the
same values for the exponents and thus concluding that DLG
and RDLG belong to the same universality class, as predicted
by Garrido et al. All of the obtained results are summarized
in table 11.

4.1.2. The first-order case. For ρ0 < 1/2, STCD gives
upper and lower bounds, T ∗∗ and T ∗, for the coexistence
point Tcoex (similarly to the equilibrium first-order case; see
section 3.6). The interval �T = T ∗ − T ∗∗ is a measure of
the ‘strength’ of the transition [167]. In this model, �T is
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Figure 11. Log–log plot of the short-time evolution of OP(t) for the
DLG with ρ0 = 0.25. (a) Starting from FDCs, a very good straight
line can be fitted at T = T ∗∗ = 2.78, while upward (downward)
deviations can also be observed for T < T ∗∗ (T > T ∗∗). The data
corresponding to T = 2.78 can be fitted by a straight line,
suggesting that this temperature is the lower bound of �T for this
density. (b) Log–log plot of the long-time evolution of OP(t) versus
t when the system starts from a GSC configuration. The dashed line
indicates the zone where the pseudo-power law is observed. The
pseudo-critical temperature is T ∗ = 3.04.

expected to decrease when ρ0 increases, vanishing at ρ0 = 1/2,
where T ∗∗ = T ∗ = Tc. Using the order parameter defined
above (section 4.1), Saracco and Albano [168] determined the
interval � T for several values of ρ0 (see figure 11).

Collecting all of the intervals �T corresponding to
different densities, plus the data for the critical point, it
is possible to draw the phase diagram, Tc versus ρ0, for
the DLG (figure 12). �T (grey area) decreases as ρ0 →
1/2, indicating that the first-order transition is progressively
weaker, eventually becoming second-order at ρ0 = 1/2. The
coexistence points Tcoex were found by letting the system reach
NESS states [168] (also shown in figure 12). As expected, the
points obtained from NESS lie within the interval �T for each
investigated density, as in equilibrium systems (section 3.6).

4.2. Dynamics of collective displacement of self-driven
individuals

A fascinating feature of groups of interacting agents moving
together is the (far-from-equilibrium) phenomenon of ordered
collective motion. It can be found in nature at almost every
spatial scale and with quite diverse types of individuals: herds
of quadrupeds [198, 199], human crowds [199], bird flocks
[200], fish schools [201] or even as unicellular organisms
[202, 203] or individual cells within a larger organism [204].

The physicist’s approach to the problem of collective
motion is to try to identify the universal features of the
phenomenon, rather than attempt a detailed case-by-case
description. Thus one looks for the simplest model displaying
the universal features. In the problem of collective motion,
the archetypical model is that proposed by Vicsek et al [205].
The Vicsek model (VM) considers N point-like individuals in
d-dimensions, with (off-lattice) positions �xi and velocities �vi
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Figure 12. Phase diagram for the DLG showing the dependence of
Tc on ρ0. The points labelled by triangles are obtained by means of
NESS measurements (NESS transition points), and using
particle–hole symmetry. The lower and upper bounds obtained by
means of the STCD analysis are also displayed. The squares are the
lower bounds obtained when the system is initiated taking FDCs,
while the circles are the upper bounds corresponding to those
systems started with GSCs. The grey area indicates the decrease in
the T interval �.

moving in direction θi (i = 1, 2 . . . N). To simply account for
the self-propelled nature of the motion, the magnitude of the
velocity is fixed at v0. Individuals interact locally by trying to
align their directions of motion with those of their neighbours,
in the presence of some noise. In practice, this is implemented
by setting, at each time step, the direction of a given individual
to the average direction of individuals located within a sphere
of radius R0, plus some random noise,

θ t+1
i = arg

∑
j∈Si

eiθ t
j

 + ξ t
i . (4.10)

where Si is the sphere centred on the individual i, and the
noise ξ is uniformly distributed in the interval [−ηπ, ηπ ]. The
positions are updated according to

�xi(t + �t) = �xi(t) + �vi(t)�t. (4.11)

The OP describing the collective behaviour is the
normalized average velocity,

ϕ ≡ 1

Nv0

∣∣∣∑ �vi

∣∣∣ . (4.12)

For individuals moving almost randomly, one has ϕ ∼ 0,
whereas when all individuals tend to move in the same
direction, ϕ → 1.

Although the VM is a far-from-equilibrium system
obeying dynamics quite different from those of standard
ferromagnetic models (Ising or XY), it behaves similarly in the
sense that in both there is a tendency for the spin (here velocity)

to align with its neighbours (see section 4.10). The noise
amplitude η is roughly analogous to the temperature. In this
sense, it is not surprising that the VM exhibits order–disorder
transitions. In the low velocity regime (v�t � 1), individuals
tend to order when the noise is decreased below a critical value
ηc(ρ, v0) (ρ is the number density). The critical point and
exponents of the second-order transition have been evaluated
by both standard finite-size scaling and STCD (see table 12).
The critical exponents satisfy the hyperscaling relation (for
d = 2),

d − 2
β

ν
− γ

ν
= 2 − 2 · 0.275 − 1.45 = 0.00(3). (4.13)

To obtain reliable critical exponents from relaxational
dynamics, one has to start the simulations from ‘naturally’
ordered configurations, i.e. configurations having the proper
correlations generated by the dynamics of the VM in the η → 0
limit [206]. Figure 13 (right-hand side) shows plots of ϕ versus
t for different N with constant ρ = N/L2. By setting b = L

in equation (2.9) at criticality, one has

ϕ(t, L) ∼ L−β/ν˜̃ϕ(t/Lz), (4.14)

where the factor L−β/ν simply reflects the scaling behaviour of
the OP for the long-time stationary regime. More interestingly,
the argument of the scaling function ˜̃ϕ suggests that log–log
plots of the OP versus the rescaled time t/Lz should collapse
in the short-time regime. This is observed in figure 13 (left-
hand side), which confirms the validity of the dynamic scaling
anzatz.

It has been argued that the VM can be considered a
non-Hamiltonian version of the XY model [205], since it
has many symmetries in common with the former (the main
difference, of course, being that the spins of the VM move in
continuous space). However, the critical behaviour of VM,
as characterized by dynamic measurements, is quite different
from that of XY. In fact, Bray et al [207] have shown that
the dynamic critical scaling for the case of the 2D-XY model
breaks down because the rate of approach to equilibrium
depends on the initial condition (ξ(t) ∼ t1/2 (z = 2) if the
initial state is ordered and ξ(t) ∼ [t/ ln(t)]1/2 when the initial
state is disordered). In contrast, the dynamic exponent of the
VM (z ∼= 1.28(3)) is independent of the initial state [206].

Very recently, Wood et al [208] reported that a non-
equilibrium lattice model for stochastic coupled oscillators,
which can be described with the same order parameter as
the VM, exhibits dimensionality dependent phase transitions
(again the main difference is that oscillators are in fixed
positions). The lower critical dimension for the observation
of long-range order is d = 2, and in d = 3 the model
undergoes a continuous phase transition in the equilibrium
XY model universality class [208]. The universality classes
of other far-from-equilibrium systems with continuous phase
transitions have extensively been reviewed by several authors
[209–212]. After a careful analysis [206], it can be concluded
that the VM may define its own universality since its set
of exponents is quite different from those characteristics of
other well-established universality classes. The above findings
suggest that the coupling between orientation and displacement
is essential for establishing long-range order in d = 2.
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Table 12. Exponents of the VM in d = 2 as obtained by stationary measurements (S), relaxation dynamics from ordered states (RD), and
dynamic measurements starting from disordered configurations (DC) [206].

γ

ν
z

γ

νz

β

νz

1

νz
β ν γ

β

ν

S 1.45(2) — — — — 0.45(3) 1.6(3) 2.3(4) 0.275(5)
RD — 1.27(2) — 0.25(2) 0.6(1) 0.42(4) 1.3(3) — 0.32(3)
DC — — 1.12(3) — — — — — —
DC + RD 1.43(3) — — — — — — 1.87(4) —
S + RD — — 1.13(3) 0.22(2) 0.5(1) 0.45(7) — 1.89(4) —
S + DC — 1.29(3) — — 0.5(1) — — — —
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Figure 13. Log–log plots of the relaxation of the order parameter
versus t∗. Data obtained by starting with naturally ordered
configurations that are subsequently quenched to the critical point.
Here, t∗ = t corresponds to the raw data (right-hand side), while
t∗ = t/Lz corresponds to the rescaled horizontal axis (left-hand
side) according to equation (4.14). Data obtained using four
samples of different sizes.

4.3. Short-time behaviour of self-organized criticality (SOC)
models

The term self-organized criticality (SOC) was introduced by
Bak et al [213, 214] to describe complex systems capable
of evolving towards a critical state without the need of
tuning a control parameter. In contrast, the cases of critical
behaviour discussed so far critical points are reached by tuning
parameters such as field, temperature and pressure. SOC has
attracted huge attention due to its ubiquity in a great variety
of systems in the fields of biology (evolutionary models),
geology (earthquakes), physics (flick noise), zoology (prey-
predators and herds), chemistry (chemical reactions), social
sciences (collective behaviour of individuals), ecology (forest
fire), neurology (neural networks), etc. [215, 216].

It was recently shown [217] that the dynamic approach
to the SOC regime when starting far from criticality can
be described with a generalization of the dynamic scaling
described in section 2. These concepts were applied to
the evolutionary Bak-Sneppen (BS) model [218–222], and
subsequently to John Conway’s game of life (GoL) [223],
showing in both cases that the approach to the SOC state
is in fact critical [217, 224], and that its study allows
the evaluation of critical exponents in excellent agreement

with independent measurements performed within the SOC
regime.

The BS model attempts to simulate the evolution of life
through individual mutations and their relation in the food
chain [218–222]. Each site of a d-dimensional array of side L

represents a species whose fitness is given by a random number
f drawn from a distribution P(f ) uniform in the range [0, 1].
The system evolves according to the following rules: (1) the
site with the smallest fitness is chosen. (2) A new fitness is
assigned to that site (a random number taken from P ). This rule
is based on the Darwinian survival principle that the species
with less fitness are replaced or mutated. (3) At the same time,
the fitness of the NN sites is changed. This rule simulates the
impact of the mutation on the environment. The BS model
exhibits a stationary (SOC) state where the density ρ of sites
with fitness below a critical value is negligible (f < fc, with
fc = 0.66 702(3)), but it is uniform above fc [222]. Within
the SOC state, the BS model exhibits scale-free evolutionary
avalanches and a punctuated equilibrium [218, 222].

To analyse the STCD of the BS, one assumes that each
lattice site can be in one of two states σi : occupied (σi = 1)
when its fitness is below fc, or empty (σi = 0) when its fitness
is above fc. Then, since the Ising magnetization goes to zero at
the critical temperature and in the BS the density of occupied
sites ρ vanishes when the SOC state is reached [222], one
proposes a scaling ansatz for the density. In the limit L → ∞,
it has been proposed that (see also equation (2.1))

ρ(t, ρ0) = b−ℵρ(b−zt, bx0ρ0), (4.15)

where ρ0 is the initial density, z is the dynamic exponent, x0 is
the exponent of the rescaling of ρ0 and b is a scaling variable.

Figure 14 shows the evolution of the density ρ(t, ρ0) for
different values of ρ0. Three regimes can be distinguished,
as follows. (i) A short-time regime (0 < t < tmax ≈ 103),
which holds for low initial densities ρ0 < 0.1, where the
density exhibits an initial increase. The value of the ‘effective’
exponent slightly depends on ρ0; an extrapolation gives θ =
0.12(2) for ρ0 → 0. (ii) An intermediate-time regime (tmax <

t < tstat ≈ 106), where the density decreases also following
a power law with exponent δ = 0.47(2). (iii) A long-time
regime (tstat < t), where the system arrives at a stationary state
with a constant average density ρstat. By means of scaling
arguments, it can in addition be shown that tmax ∼ ρ1−D

0 , where
D = 2.43(1) [222] is the mass dimension exponent.

The time-scaling behaviour of the density can be obtained
from (4.15) by setting b = t1/z, which yields

ρ(t, ρ0) = t−ℵ/z�(tx0/zρ0), (4.16)

22



Rep. Prog. Phys. 74 (2011) 026501 E V Albano et al

10
0

10
2

10
4

10
6

10
8

t
10

-2

10
-1

10
0

ρ 
(t

)

0.01
0.015
0.020
0.025
0.030
0.040
0.05
0.1
0.2
0.3
0.7
0.8
0.9

t
max

 ~ ρ
o

1-D

δ = 0.47 ± 0.02

θ = 0.12 ± 0.02

t
stat

 ~ L
D

Figure 14. Time evolution of average density for several values of
initial density ρ0 as given. The three different regimes that can be
observed are discussed in detail in the text.

where � is a scaling function. For ρ0 → 1 and within
the intermediate-time regime, ρ(t) becomes independent of
ρ0 (see figure 14). Thus, assuming x0/z > 0, one has
�(tx0/zρ0 � 1) = const, which holds for t � tmax ∝
ρ

−z/x0
0 ∝ ρ1−D

o . Then tmax sets the time scale for the initial
increase in the density, as shown in figure 14. For the sake
of comparison, it can be noted that in magnetic systems the
time scale of the initial increase in the magnetization is set by
tmax ∝ m

−z/x0
o (see equations (2.3) and (2.4)), where m0 → 0.

Also, ρ should decrease according to

ρ(t) ∼ t−δ, (4.17)

with δ ≡ ℵ/z = 0.47(2). On the other hand, for ρ0 → 0
and within the short-time regime (t � tmax, t → 0), the
dependence of � on the initial density becomes relevant, thus
one has �(x) ∼ xu. Hence, by replacing in (4.16), one has

ρ(t, ρ0) = ρu
0 t θ , (4.18)

where θ = −δ + ux0/z. So, θ = 0.12(2) is the exponent that
describes the initial increase in the density within the critical
STCD regime of the BS.

On the other hand, by replacing x0
z

= θ+δ
u

in
equation (4.16), one obtains [217]

ρ(t, ρ0) = t−δ�(ρ0t
θ+δ
u ). (4.19)

The shape of the scaling function � is shown in figure 15.
The excellent collapse of the data shown in figure 14 strongly
supports the scaling hypothesis and the calculated exponents.
In fact, the best fit of the data obtained, for ρ0 → 0,
gives u = 0.89(3) (see dotted line covering two decades
in figure 15), which is in agreement with an independent
determination that yields u = 0.87(3) [217].

Further information on the dynamic evolution towards
the SOC regime can be obtained by computing the time
autocorrelation of the state of the site, A(t, t0) (averaged over
all sites), which is expected to decay according to a power law
(see table 1),

A(t0, t) = 〈σi(t0)σi(t)〉 − 〈σi(t0)〉〈σi(t)〉 ∼ t−λ, (4.20)
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Figure 15. Scaling plot of the data shown in figure 14 obtained by
using equation (4.19) for the time-scaling behaviour. The dotted
line—slightly shifted up for the sake of clarity—with slope u = 0.89
corresponds to the best fit of the data obtained for the lowest density.

where σi(t) = 1, 0 is the state of the site at time t , and
λ = d/z−θ . Extensive simulations have yielded λ = 0.35(2),
which combined with the value θ = 0.12(2) gives for the
dynamic exponent z = 2.13(5). Also, from 1 − θ = z/D

one obtains D = 2.42(5) [217]. These figures are in
agreement with those obtained within the SOC regime [222],
i.e. z = 2.1(5) and D = 2.43(1).

The STCD scaling approach to SOC has also been applied
to the GoL. This is a cellular automaton that, by means
of a few local rules, simulates the dynamic behaviour of a
society of living individuals including birth, death, survival
and competition. GoL is implemented in d = 2 dimensions.
Simulations of the approach to the SOC state yield [224]
δ ≡ ℵ/z = 0.28(2), θ = 0.11(2), u = 1.10(5), λ = 0.35(5)

and z = 2.10(5). Again, all relevant critical exponents can be
determined by studying the dynamic behaviour of the model.

In summary, the dynamic approach to SOC is critical,
and it is ruled by the dynamic exponent z, the stationary
exponents and the exponent θ that describes the initial increase
in the density. The criticality observed in the approach to the
SOC state not only addresses new and challenging theoretical
aspects of SOC behaviour but is also of practical importance
for the determination of the relevant exponents.

5. Conclusions and perspectives

In this review, we provide and discuss extensive evidence
showing that the Monte Carlo method provides a useful
and versatile tool for the practical implementation of the
dynamic theory of critical phenomena. By performing
dynamic simulations with carefully selected initial conditions
(in most cases, ground state and full disorder), one can
determine the critical value of the control parameter and
the static and dynamic exponents. Static exponents are in
full agreement with independent determinations obtained by
means of equilibrium configurations. On the other hand, in
order to describe the initial slip of the order parameter, an
additional (dynamic) exponent is needed.
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Dynamic Monte Carlo simulations are not restricted
to the study of equilibrium phase transitions, where an
underlying and well-established theory (the renormalization
group) exists, but they can be used with a wide variety of
systems, including far-from-equilibrium critical phenomena
and irreversible phase transitions. Also, they have allowed
one to gain insight into the properties of spinodal points in
first-order phase transitions. Recently, it was also shown
that the dynamic evolution towards the self-organized critical
(SOC) regime is also critical, in the sense that it can be
described by a set of critical exponents that also characterize
the SOC state. Of course, all of these numerical results go
one step beyond the original theoretical predictions and pose a
formidable challenge that defines an interesting opportunity for
further research. We expect that in the coming years the Monte
Carlo method will provide new and interesting evidence on the
dynamic critical behaviour of other non-conventional systems,
such as those of interest in the fields of biology, social dynamics
and complex systems in general.
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contributions in Langevin equations for anisotropic driven
systems Physica A 61 364

[190] Schmittmann B and Zia R K P 1991 Critical properties of a
randomly driven diffusive system Phys. Rev. Lett.
66 357–60

[191] Garrido P L, de los Santos F and Muñoz M A 1998 Langevin
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