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Abstract
Experiments on bird flocks and midge swarms reveal that these natural sys-
tems are well described by an active theory in which conservation laws play
a crucial role. By building a symplectic structure that couples the particles’
velocities to the generator of their internal rotations (spin), the Inertial Spin
Model (ISM) reinstates a second-order temporal dynamics that captures many
phenomenological traits of flocks and swarms. The reversible structure of
the ISM predicts that the total spin is a constant of motion, the central con-
servation law responsible for all the novel dynamical features of the model.
However, fluctuations and dissipation introduced in the original model to make
it relax, violate the spin conservation law, so that the ISM aligns with the
biophysical phenomenology only within finite-size regimes, beyond which the
overdamped dynamics characteristic of the Vicsek model takes over. Here, we
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introduce a novel version of the ISM, in which the irreversible terms needed
to relax the dynamics strictly respect the conservation of the spin. We perform
a numerical investigation of the fully conservative model, exploring both the
fixed-network case, which belongs to the equilibrium class of Model G, and
the active case, characterized by self-propulsion of the agents and an out-of-
equilibrium reshuffling of the underlying interaction network. Our simulations
not only capture the correct spin wave phenomenology of the ordered phase,
but they also yield dynamical critical exponents in the near-ordering phase that
agree very well with the theoretical predictions.

Keywords: collective behavior, conservation law, inertial spin model,
discrete Laplacian thermostat, spin waves, bird flocks, insect swarms

1. Introduction

Approximately three decades ago, Vicsek et al enlisted a sizeable number of unwilling stat-
istical physicists into the fast-growing field of biophysics by introducing a simple little model
that elegantly captured the key traits of collective animal behaviour [1]. This model, partly
rooted in the physics of ferromagnets and critical phenomena, partly drawing inspiration from
previous efforts in the field of computer graphics [2], demonstrated that local alignment could
induce collective motion and long-range correlations even in active systems; in fact, the Vicsek
model showed that activity favours order, allowing for a coherent (or flocking) phase also in
two dimensions [3], where equilibrium physics would prevent long-range ordering. Under
more than one respect (but not all respects), this was the start of active matter physics [4–6].
Vicsek’s model is truly remarkable for its simplicity and great generality, so much so that it
can be considered the Ising model of active matter. However, as soon as experimental data
on actual biological groups started to flow in, it was clear that the quantitative description of
certain biological features required models to incorporate some additional elements. Among
the many variants and evolutions of the Vicsek model aimed at better describing biological
reality [6–13], one in particular is of interest for us here: the so-called Inertial Spin Model
(ISM) [14, 15].

Observations on starling flocks revealed that collective information during turns propagates
linearly and almost without damping throughout the group [14]. Not much later, experiments
on natural swarms of midges showed that the dynamical correlation functions display unmis-
takable traits of inertial relaxation [16]; at the same time, swarms have a dynamical critical
exponent lower than any other reference ferromagnetic model, and even than the Vicsek model
itself [16, 17]. All these traits prompted the development a new model in which the inertial
features of the dynamics—washed out in the Vicsek model—were reinstated, giving rise to a
conservation law able to account for several new biological pieces of phenomenology. This
model is the ISM, developed in [14, 15] and further studied in [18–22], the overdamped limit
of which is—notably—the Vicsek model.

The ISM successfully reproduces several traits of natural flocks and swarms, including: the
linear propagation law of orientational waves in bird flocks, even in density-homogeneous
systems [14]; the quantitative dependence of the speed of propagation of these waves on
polarization [14]; the precise inertial shape of the dynamical correlation functions in midge
swarms [16]; dynamic scaling laws [16]; and finally the precise prediction of the dynamical
critical exponent in natural swarms [17], to our knowledge the first case of agreement between
theory, experiments and numerics on a critical exponent of an actual biological system. But the
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ISM has an issue: despite the fact that its founding pillar is the spin conservation law, the ISM
has in fact no way to exactly respect that very conservation law, which is somewhat annoying.

The reason why that happens is simple. The conservation law of the ISM stems from
its novel reversible dynamics, which reinstates the symplectic structure between generalized
coordinate and conjugated momentum. However, in order to turn this structure into a relaxa-
tional statistical model, one needs to introduce fluctuation-dissipation terms (noise and fric-
tion), which—in their current form—cause spin dissipation, thus violating the conservation
law. The situation is thus the following: the experimentally determined dynamic critical expo-
nent is that of the active version [17] of Halperin and Hohenberg’s model G [23]. The ISM,
strictly speaking, is not in this universality class, as spin dissipation drives it, in the thermody-
namic limit, to an active but overdamped renormalization group fixed point corresponding to
Toner and Tu’s field theory [24], i.e. the universality class of the Vicsek model. However, the
symplectic structure of the reversible part of the ISM dynamics is important: the field theory
that describes the ISM at the mesoscopic scale is that of active model G with the addition of
spin dissipation [17]. The active model G fixed point is still a valid fixed point in the dissip-
ative theory, but spin dissipation introduces an unstable direction that drives it to overdamped
dynamics in the thermodynamic limit. The Renormalization group (RG) flow is thus such that
there is a crossover with the nontrivial consequence that for finite systems with small friction,
the active model G fixed point rules the behaviour (yielding the experimental dynamic critical
exponent). The crossover to overdamped dynamics is only observed for very large systems.

Thus, up to now, the ISM was able to reproduce underdamped inertial dynamics only in
finite-size systems and for small friction. This is quite acceptable in practice, and in line with
the experimental observations, since the overdamped behaviour is only reached for sizes bey-
ond reasonable numbers for biological groups. But from a purely theoretical point of view
this is unpleasant; we would like to have a microscopic model in the universality class of self-
propelled Model G: able to relax (thermalize) and at the same time respect the conservation
law responsible for the new physics, irrespective of system size. Here we introduce a variation
of the ISM in which total spin is exactly conserved at all times, irrespective of the value of
the kinetic coefficient and of the temperature, and thus irrespective of the phase (ordered or
disordered). Thanks to this, the newmodel is the first one proposed to date that exactly belongs
to the universality class of self-propelled Model G at all length scales.

2. The fully-conserved Inertial Spin Model

2.1. Deterministic structure

The novelty of the model we are going to introduce will be in the new kind of irreversible and
yet conservative terms. However, in order to better explain the evolution from one model to
another, we will start our discussion from the—rather unphysical—purely deterministic cases
and gradually build up noise and dissipation.

For all the self-propelled models described in this work the first equation of motion is ṙi =
vi, hence we will not repeat it every time; if/when we will consider the fixed-network version
of a model, we will simply set ṙi = 0. The equation for the velocity, on the other hand, defines
the particular model; we will start from the simplest one, that is Vicsek.

2.1.1. The Vicsek rule. In what follows we will consider fixed modulus of the velocity, and
to simplify the notation we will set |vi|= 1 (the reader should be careful then in comparing
with the previous literature, where the fixed value of the speed is often left as a dimensional
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parameter, v0). In its barest, deterministic form, Vicsek dynamics [1] in continuous time (more
useful for our developments), can be written as,

η
dvi
dt

=

vi × J
∑
j

nijvj

× vi , (1)

where J corresponds to the alignment strength and nij is the adjacency matrix (nij = 1 if the
agents i and j interact, nij = 0 otherwise). The interacting pairs can be chosen with a metric or
topological criterion (which one to usemay depend on the system under consideration [25]). Of
course, in the active case where the equation ṙi = vi is at work, the adjacency matrix depends
on time, which is at the heart of the out-of-equilibrium nature of models of self-propelled
particles. Note that equation (1) applies to the continuous-time version of the Vicsek model
with periodic boundary conditions. Some differences in behaviour have been reported, for the
discrete timeVicsekmodel, depending onwhether periodic, reflecting or open (confining field)
boundary conditions are employed [6, 12, 26].

The double cross product is a compact way to express the conservation of the modulus of vi.
The neighbours of agent i exert a so-called social force, fi = J

∑
j nijvj; the term (vi × fi)× vi

is the projection f⊥i of fi onto the plane orthogonal to vi. Thus the effect of the Vicsek rule is
to rotate particle i’s velocity towards the average direction of motion of its neighbours. The
way this happens is direct, i.e. the force fi itself rotates the velocity vi through the double
cross product7. This dynamic rule creates an overdamped dynamics for the velocity, which is
exactly what the ISM wants to change. Note that we have left the dissipation parameter η in
the equation (which at this level simply defines a time scale). Although usually eliminated by
rescaling time in the Vicsek model, it will be convenient to keep it for a comparison with the
ISM in what follows.

2.1.2. The Inertial Spin Model rule. The key idea of the ISM—compared to the Vicsek
model—is that the social alignment force, instead of directly rotating the velocity of the agent,
acts on its spin, which is the generator of the rotations of the velocity. In turn the spin rotates
the velocity, according to [15]

dvi
dt

=
1
χ
si × vi, (2a)

dsi
dt

= vi × J
∑
j

nijvj . (2b)

This symplectic relationship between velocity and spin is the same as that between position
and angular momentum, when rotations in the external space are considered; from this analogy
we clearly see that the parameter χ acts as a generalized inertia, i.e. a social or physiological
resistance of the agents to rotate their direction of motion. It can be shown that, as long as the
interaction matrix is symmetric, the equation of motion for the velocity can also be derived
from a (time-dependent) Lagrangian [20].

The crucial point is that, if the interaction is symmetric under a given transformation, a
global conservation law emerges due to Noether’s teorem. This is the case of the alignment

7 Note that the rule v̇i = vi × fi also conserves |vi|. However, it does not represent an alignment interaction, but a
precession of vi around fi, rather than a rotation of vi towards fi.
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interaction: the social force fi is invariant under rotation of the velocity, so that—once the sym-
plectic structure of velocity and spin is restored—the generator of rotations, namely the total
spin of the system is, in absence of dissipative forces, a constant of motion. This conservation
law is a game-changer: in the ordered phase of the ISM it is the cause of the emergence of
linear spin waves observed in actual biological flocks [14], while in the near-ordering phase it
accounts for much of the dynamical phenomenology of natural swarms of insects, including
inertial dynamic relaxation [16] and an anomalous dynamical critical exponent [17].

2.2. Stochastic structure

2.2.1. Adding fluctuation and dissipation. These models must be complemented with some
stochastic rule accounting for the fact that biological agents are unlikely to obey the inter-
action rule in a perfect deterministic way, and (most importantly) allowing the relaxation of
the dynamics. Relaxation is achieved by coupling the system to a thermal bath; this coupling
must necessarily include two terms: a fluctuating (stochastic noise) force which injects energy
into the system, and a dissipative (friction) term, which transfers energy to the bath. We refer
to these terms as fluctuation-dissipation terms, or irreversible terms. In the Vicsek case, it is
enough to add to the rhs of (1) a noise term (taking care of preserving the constraint |vi|= 1),
because dissipation is already included in the overdamped nature of the model. One way to do
this is

η
dvi
dt

=

vi × J
∑
j

nijvj

× vi+ ξi × vi . (3)

where ξi is a white noise with correlator,

⟨ξµi (t)ξ
ν
j (t

′)⟩= 2ηT δ (t− t ′)δijδ
µν . (4)

The choice of noise in (3) is not the only possibility; one could also add a stochastic term of the
form vi × (ξi × vi) = ξ⊥i , similarly to the projection of the force. This is how the continuous-
time Vicsek model is written in [15]. In fact, both types of noise conserve the modulus of
the velocity and have the same correlator (given by the orthogonal projector), hence from a
practical point of view both are equivalent, but the form in (3) is more convenient because it
will appear naturally when we will take the overdamped limit of the inertial model.

In ISM, we need to be more careful: in which equation should we add the noise? Because
noise is a stochastic (generalized) force, and forces act on the time derivative of the conjugate
momentum to the coordinate (in this case, the velocity is an internal coordinate), it is reasonable
to add noise in the second equation of (2).Moreover, it is natural to associate to each fluctuating
force, an irreversible force causing relaxation (dissipation) in the same equation. If we follow
this scheme we obtain the ISM equations (compare to (2)),

dvi
dt

=
1
χ
si × vi, (5a)

dsi
dt

= vi × J
∑
j

nijvj−
η

χ
si + ξi, (5b)

where the noise obeys (4). Since the noise enters in the equation for the spin, there is no
need to project it to keep the norm of vi fixed (this equation is simpler than the corresponding
equation first introduced in [15]; the difference has no strong consequences and this form is
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more convenient for the present purposes, see appendix A). The dissipation and noise are the
irreversible terms that allow the system to relax towards a non-equilibrium stationary state.
The nice thing about this structure is that the overdamped limit of this model (very large η)
corresponds to the Vicsek model (see appendix B).

2.2.2. The need for fully conservative fluctuation-dissipation. The fact that the overdamped
limit of the ISM is the Vicsek model acquires particular relevance in the light of the RG, as it
turns out that the parameter η always grows under an RG transformation (unless it is exactly
zero). This means that at very large length scales the system will be described by the Vicsek
model (actually its continuous version, namely Toner and Tu’s field theory) even if the micro-
scopic dynamics is that of ISM (provided η > 0). How, then, is it that the ISM is at all useful for
the description of actual biological groups? Cutting a rather long [17, 27–29] story short, the
answer is finite size: although the statement about the overdamped limit ruling the large length
scales is true, if the microscopic η is small to begin with, the overdamped limit is reached only
for very large scales—larger than the system size. In this case, the observed behaviour is that
of the inertial dynamics, i.e. ISM. The RG explains this in terms of the existence of two fixed
points: one (unstable) at η= 0, the other (stable) at η =∞. For small η, the RG flow stays near
the η= 0 fixed point, and only after many iterations of the RG transformation it finally goes
to η =∞. Since each iteration of the RG implies looking into the system from a larger scale,
for small systems this last crossover never takes place, and the unstable fixed point with η= 0
rules the dynamics.

So, for theoretical investigation we would like a microscopic model that is described by the
η= 0 fixed point at all scales (i.e. that belongs to its universality class). Setting η= 0 in (5)
means that there is neither dissipation nor noise, i.e. the model reduces to the deterministic
version (2): the system cannot relax, and we lose temperature as a parameter that can e.g. tune
the amount of order. To make statistical-mechanical sense of the model with η= 0 we need
fluctuation-dissipation terms that are conservative, making the theory stochastic and relaxa-
tional even when η= 0 [27, 28].

Interestingly, the RG itself generates under coarse-graining the terms we need (see
appendix C). At themesoscopic (field theory) level, these are actually well-known, as they arise
e.g. in field theories with conservative dynamics such as model G for antiferrmagnets [23]. In
short, looking at the coarse-grained spin s(x, t), instead of a dissipative equation like

∂s(x, t)
∂t

= reversible terms− ηs(x, t)+ ξ , (6)

with noise correlator

⟨ξα (x, t)ξβ (x ′, t ′)⟩= 2η δ (x− x ′)δ (t− t ′)δαβ , (7)

one writes

∂s(x, t)
∂t

= reversible terms+λ∇2s(x, t)+ ξ , (8)

with

⟨ξα (x, t)ξβ (x ′, t ′)⟩=−2λ∇2 δ (x− x ′)δ (t− t ′)δαβ . (9)

In Fourier space −λ∇2 → λk2, and it is therefore clear that the space integral of the spin field
is automatically conserved by the new irreversible λ-terms. In the next section we thus seek
equivalent fluctuation-dissipation terms for the discrete model.
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2.3. The fully conservative Inertial Spin Model

We now present the new variant of the ISM, which is irreversible (because it is coupled to
a thermal bath) but exactly conserves the total spin. In this sense the model is conservative
irreversible, and we refer to the new coupling to this spin-conserving thermal bath as fully
conservative fluctuation-dissipation terms.

2.3.1. The discrete Laplacian. To write the discrete equivalent of (8) and (9) we can use the
discrete Laplacian operator, which is defined as [30],

Λij =−nij+ δij
∑
k

nik , (10)

where nij is the adjacencymatrix (notice that the discrete Laplacian is a positive-definitematrix,
i.e. Λ∼−∇2). The general zero mode of the Laplacian is present of course also in its discrete
version, ∑

i

Λij = 0 . (11)

In perfect similarity to (8) and (9) we can then write the conserved relaxational dynamics for
the discrete spins as,

dsi
dt

= vi × J
∑
j

nijvj−
λ

χ

∑
j

Λijsj+ ξi . (12)

with,

⟨ξµi (t)ξ
ν
j (t

′)⟩= 2λΛijTδ (t− t ′)δµν . (13)

From (12) and (13) we have,

dS
dt

=
∑
i

dsi
dt

=
∑
i

ξi , (14)

but from (13) we see that the random variable
∑

i ξi has zero mean and zero variance, hence it
must be identically zero for each realization of ξi, finally proving that these new fluctuation-
dissipation terms conserve the total spin, Ṡ= 0.

2.3.2. From noise on the sites to noise on the links. To produce a noise ξi whose correlator
is proportional to Λij, we can use the discrete Laplacian thermostat introduced in [31] and
further developed in [32]: we must pass from a noise defined on the sites to a noise defined
on the links. Let us label the sites of the lattice with {i, j, . . .} and the links with {a,b, . . .}.
The incidence matrix,Dia, is constructed as follows [30]: after arbitrarily assigning a direction
to each link a, we set Dia =+1 if i is at the end of a, Dia =−1 if i is at the origin of a, and
Dia = 0 if site i does not belong to a (figure 1); note that, by construction, we have,∑

sites i

Dia = 0 . (15)
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Figure 1. Schematic view of the adjacency matrix n, incidence matrix D, and discrete
Laplacian Λ in a very simple network.

Notice also that the arbitrariness in the definition of Dia due to the arbitrary choice of the
directions of the links, reflects the inevitable arbitrariness in the definition of the derivative on
a general discrete lattice8. The crucial property of the incidence matrix is that its square over
the links is equal to the discrete Laplacian [30],∑

links a

DiaD
T
aj = Λij . (16)

If we define on each link a a δ-correlated Gaussian noise, ϵa, with variance,

⟨ϵµa (t)ϵνb (t ′)⟩= 2Tλ δab δµν δ (t− t ′) , (17)

we can now build the site noise acting on each spin i as,

ξi (t) =
∑
a

Dia ϵa (t) , (18)

whose variance is,

⟨ξµi (t)ξ
ν
j (t

′)⟩=
∑
ab

DiaDjb ⟨ϵµa (t)ϵνb (t ′)⟩

=
∑
a

DiaD
T
aj 2T λδµν δ (t− t ′)

= 2T λΛij δµν δ (t− t ′) , (19)

8 Notice that, in the active case, the arbitrary assignment of the ±1 sign to the links can be done once and for all at
the beginning of the simulation, irrespective of the changing mutual positions of the particles.
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so that we recover exactly the desired expression, equation (13). Because by construction∑
i Dia = 0, from (18) we have that,

∑
i

ξi = 0 , (20)

which makes it even more apparent the fact that the new noise conserves the total spin in (12).

2.3.3. The new model. To summarize, the new fully conservative ISM model is defined by
the equations,

dri
dt

= vi

dvi
dt

=
1
χ
si × vi

dsi
dt

= vi × J
∑
j

nijvj−
λ

χ

∑
j

Λijsj+ ξi ,

(21)

where the noise is built from equations (17) and (18), and therefore satisfies,

⟨ξµi (t)ξ
ν
j (t

′)⟩= 2λΛijTδ (t− t ′)δµν . (22)

To distinguish this modified version from the standard ISM, we refer to it as the Fully
Conserved Inertial Spin Model (FC-ISM). As described in appendix A, the new Laplacian
terms violate the condition si · vi = 0, which we therefore decided to relax. The stochastic
dynamics anyway keeps it true on average.

We notice that the fact of having introduced a conservative fluctuation-dissipation part, does
not prevent us from adding also a dissipative part to the dynamics,

dri
dt

= vi , (23a)

dvi
dt

=
1
χ
si × vi, (23b)

dsi
dt

= vi × J
∑
j

nijvj−
1
χ

∑
j

(η δij+λΛij)sj+ ξi , (23c)

with the corresponding noise,

⟨ξµi (t)ξ
ν
j (t

′)⟩= 2(η δij+λΛij) Tδ (t− t ′)δµν . (24)

We will not study such general model here, but it is important to understand that in principle
and in practice, one could; we cannot exclude that a certain amount of bona fide dissipation of
the spin is present in natural systems, due to the interaction between the agents and the environ-
ment, so the possibility to have both η and λ in the model gives it more realism and flexibility.
Also, in the model with both η and λ we can give a dimensional argument to understand the
existence of the crossover length Rc (see appendix D).

9
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3. Results

To delve into the exploration of the novel fully conservative model, we conduct numerical
analyses of equations (21) in both the fixed network (FN) and self-propelled particles (SPP)
scenarios. We begin by examining the FN case. We simulate the model on a fixed lattice,
i.e. without self-propulsion: particles sit on a lattice and the equation dri/dt= vi is ignored,
so that vi is just an orientational degree of freedom not related to the velocity. In this case
the model is in the universality class of Halperin and Hohenberg’s Model G [23], a class that
also includes the quantum antiferromagnet. This is a good starting point to test the model,
since Model G is well-known, and we know what to expect: we know the exact values of the
critical exponents near criticality, and we anticipate the linear propagation of information in
the form of spin waves in the low-temperature phase. Once the static equilibrium case has been
characterized, we will reintroduce the self-propulsion in the dynamics, ṙi = vi, which causes
the underlying interaction network to undergo constant reshuffling. In this scenario, the model
falls in the universality class of self-propelled Model G [17], for which we have clear RG
predictions in the near-ordering phase. While we lack a theoretical prediction for the low-
temperature case, observations from starling flocks and from previous numerical simulations
suggest that we will continue to observe a linear propagation of information.

3.1. Numerical details

We have employed a 4th-order Runge–Kutta (RK) method to integrate the deterministic part
of equations (21). The stochastic part was integrated with an Euler scheme, as in [31]. This
method ensures that the cross product strictly preserves the norm of vi, and avoids numerical
errors in the deterministic part that could interfere with spin conservation for small λ. We set
|vi|= 1 and time step∆t= 5× 10−4, which ensures that all simulations realized for this work
converge.

For the FN case, the simulations have been conducted on a cubic lattice of size L with
periodic boundary conditions (PBC) and unit inter-particle distance, so that the total number
of particles is N= L3. Each site has nc = 2d= 6 neighbours. We have simulated system sizes
from L= 4 to L= 18, with a number of samples depending of L.

For the SPP case, the simulations have been conducted on a cubic box of size L (also with
PBC). The total number of particles is N; N and L have been chosen to have a density ρ=
N
L3 = 1 for all cases. We have simulated system sizes that span from from L= 4 to L= 14, with
a number of samples depending of L. The particles interact with a metric rule: i and j interact
if they are separated by less than a given distance rc. In terms of the adjacency matrix nij,
this reads {

nij = 1, if rij ⩽ rc,

nij = 0, if rij > rc.
(25)

We aim to simulate systems with homogeneous density. We choose rc = 1.6 as in [17],
resulting in an average of 17 particles in the interaction neighborhood. A higher number of
interacting neighbors helps reduce density fluctuations. Another approach to maintain dens-
ity homogeneity is normalizing the social force in equation (5) by local density [12]. This is

10



J. Phys. A: Math. Theor. 57 (2024) 415002 A Cavagna et al

Figure 2. Stationary order parameter Φ when the temperature T is tuned for different
system sizes for (a) the FN case (with λ= 0.5) and (b) the SPP case (with λ= 0.1).

achieved by adjusting Jnij → J nijni , with ni =
∑

j nij. This procedure, used in [17], leads to non-
reciprocal forces and violates total spin conservation. Thus, we normalize the social force as
J→ J/ 1

2 (ni+ nj), ensuring reciprocity and conserving total spin.
For both FN and SPP we have set χ= 1. The values of J, λ and T are specified for each

result.We have carefully tested that all samples reach a stable steady state (i.e. thermalize in the
FN case). The initial velocities were chosen in random directions, except in the SPP-ordered
case, were all velocities were initialized to the same random direction in order to reach the
steady state more quickly. The spins have been initialized as si = 0,∀i. In the SPP case, the
initial positions ri have been chosen to be the sites of a cubic lattice.

We have computed the order parameter

Φ =
1
N

∣∣∣∣∣∑
i

vi
|vi|

∣∣∣∣∣ , (26)

that allows us to characterize the static phase diagram (figure 2), and thus to identify the tem-
perature regime where the system is in the ordered and disordered phases, separated by the
critical temperature Tc.

We have also computed the dynamic connected correlation function of the velocities,

C(k, t) =
1
N

〈
N∑
i,j

δvi (t0) · δvj (t0 + t)e−ik·rij

〉
t0

, (27)

where δvi(t) = vi(t)− (1/N)
∑

k vk , rij = ri(t0)− rj(t0 + t) and ⟨·⟩t0 represents an average over
the time origin t0. We have averaged the correlation functions of the three orthogonal directions
of the wave-vector k,

C(k, t) =
1
3
(C(kx, t)+C(ky, t)+C(kz, t)) , (28)

where kx = (k,0,0), ky = (0,k,0) and kz = (0,0,k). In the FN case where the correlation func-
tion is isotropic, this serves to improve statistics. In the SPP case this is an approximation,
since isotropy does not hold; see discussion below. We have finally computed the correlation
function C(k,ω), defined as the temporal Fourier transform of the correlation function C(k, t).

11



J. Phys. A: Math. Theor. 57 (2024) 415002 A Cavagna et al

3.2. Fixed-network test of the new model

3.2.1. FN—near-ordering phase. Classic RG studies of the dynamic critical exponent of
Model G give z= 1.5 [23], a value in full agreement with experiments on perovskites as
RbMnF3 [33] and with numerical simulations of the Heisenberg antiferromagnet [31, 34, 35].
Here we verify that the fully conserved ISM in the fixed network case falls in the same uni-
versality class. Calculating the critical exponent z requires using dynamic scaling,

C(k, t) = C0 (k) f(t/τk;kξ ) , (29)

where C0(k) is the static correlation function and the relaxation time at wavevector k is
given by

τk = k−zg(kξ) , (30)

with g a scaling function and all the dependence on temperature T is contained goes in the
correlation length ξ.

We can obtain the characteristic correlation time τ k from the dynamic correlation functions,
either in the time domain or in the frequency domain. Following the standard definition in [36],
the characteristic frequency ωk can be calculated from the following relation,

ˆ ωk

−ωk

dω
2π

C(k,ω)
C0 (k)

=
1
2
. (31)

The characteristic frequency ωk is naturally the inverse of the relaxation time τ k, which—
translating (31) to the time domain—is given by

ˆ ∞

0

dt
t

C(k, t)
C(k, t= 0)

sin

(
t
τk

)
=

π

4
. (32)

In order to exploit equation (30) and to compute the dynamic exponent, it is necesary to identify
first the critical region. From the static correlation function C(k) = C(k, t= 0) we obtain the
susceptibility χ = C(kmax), where kmax is the wave-vector of the first maximum of C(k)9. For
any given size L, we can then identify the finite-size critical temperature Tc(L), as the temper-
ature where the susceptibility is maximal. This temperature defines the critical region, where
the correlation length is proportional to the system size, i.e. ξ(Tc(L))∼ L. Working in this
regime and choosing k= 1/ξ ∼ 1/L, equations (29) and (30) give

C(k, t) = C0 (k) f(t/τ ;1) , τ ∼ Lz. (33)

Equation (33) provides a straightforward method to compare our simulations with the the-
oretical prediction of Model G, where z= 1.5. In figure 3(a) we display several C(k, t) curves,
normalized by their value at t= 0, obtained at the critical temperature for different system
sizes. For each one of these curves, we then compute the global relaxation time following

9 In the usual case, where the static connected correlation is defined using phase-averages, the susceptibility is pro-
portional to C(k= 0). Here, however, we compute the connected correlation by subtracting the space average of the
velocity. With this definition C(k= 0) vanishes by construction, due to the sum rule

∑
i δvi = 0; on the contrary,

C(kmax) is well defined and it can be shown to provide a good finite size proxy for the susceptibility—see [25] for a
discussion of this point.
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Figure 3. Fixed-network—near ordering: (a) correlation functions C(k, t) as a function
of time, at the pseudo-critical temperature Tc(L) for different sizes L, J= 1 and λ= 0.5.
The correlation functions are normalised by their value at t= 0, and they are evaluated at
k= 2π/L (seemain text). Inset: scaling plot of the normalised time correlation functions
with scaling variable tL−z, which shows the validity of scaling form (33). (b) Relaxation
time τ as a function of the system’s size L. The line indicates the fit with the exact
dynamical critical exponent, z= 1.5, over the six largest sizes.

equation (32), and plot it as a function of L. A fit of these data gives us the numerical estim-
ate of the dynamical critical exponent z. The result is displayed in panel (b) of figure 3, and
it matches quite well the z= 1.5 value. The inset of panel (a) shows the normalised correla-
tion function plotted against the scaling variable tL−z, confirming the validity of the scaling
equation (33). For thoroughness, we also performed a fitting procedure with a free exponent
zfit using the six largest sizes, yielding zfit = 1.48± 0.04. Our results therefore confirm that
the universality class of the fully conserved ISM in the fixed network (i.e. equilibrium) case
is the same as that of the microscopic quantum antiferromagnet, namely the universality class
of Model G.

3.2.2. FN—ordered phase. At low temperatures (T≪ Tc), the system exhibits spontaneous
symmetry breaking. In this regime, Model G exhibits linear propagation of information in
the form of spin waves. This characteristic behavior has been verified for the microscopic
quantum antiferromagnet [31, 34]. In the next paragraphs, we analyze and discuss information
propagation and the spin-wave behaviour within the context of the fixed-network FC-ISM.

We note that, due to symmetry breaking, all velocities vi predominantly point in the same
mean direction V= (1/N)

∑
i vi. It is then convenient to rewrite the individual velocities

in terms of fluctuations: vi = V+ δvLi +πi, where πi ·V= 0 and—at low temperature—
|πi| ≪ |V| and |δvLi | ∼ O(|πi|2). By rewriting the equations of motion in terms of the vari-
ables {πi} and assuming that V is constant in time, we can expand up to first order, obtaining
a linear dynamics for πi. This procedure is known as the spin-wave expansion. The resulting
equation reads

d2πi

dt2
=− J

χ

∑
j

Λijπj−
λ

χ

∑
j

Λij
dπj

dt
+ n̂× ξi , (34)
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Figure 4. Fixed network—ordered phase: (a) correlation functions C(k,ω) for differ-
ent wave-vectors k for a system of size L= 14 with T = 0.2, J= 1 and λ= 0.5. (b)
Characteristic frequency ωk computed from equation (31) for different values of k (blue
points). The continuous curve corresponds to the characteristic frequency of the spin-
waves ωc(k) derived analytically, see equation (38).

where n̂ is the collective direction of motion. In the continuum limit, when Λij →−∇2, the
propagator (Green’s function) of the homogeneous differential equation can be easily com-
puted in Fourier space giving the following dispersion relation for its poles,

ω̃ (k) =−λk2

2χ
i±

√
Jk2

χ
−
(
λk2

2χ

)2

. (35)

The imaginary part of ω̃ encodes the decay in time of the C(k, t). The real part of ω̃, that
we denote here as ωc, represents the characteristic frequency of oscillation of the correlation
function C(k, t) (or the spin waves frequency). The characteristic frequency ωc(k) is,

ωc (k) =

√
Jk2

χ
−
(
λk2

2χ

)2

. (36)

In fact, however, we work on a discrete cubic lattice with periodic boundary conditions
(PBC), for which the eigenvalues of the Laplacian operator are not k2 but rather 4sin2(k/2);
hence, the actual dispersion relation for our simulation should be,

ω̃ (k) =−
λ4
(
sin k

2

)2
2χ

i±

√√√√J4
(
sin k

2

)2
χ

−

(
λ4
(
sin k

2

)2
2χ

)2

, (37)

and hence,

ωc (k) =

√√√√J4
(
sin k

2

)2
χ

−

(
λ4
(
sin k

2

)2
2χ

)2

. (38)

The most direct way to analyze the characteristic frequency of oscillation in our simulations is
by focusing on C(k,ω). The correlation functions C(k,ω) obtained from our simulations dis-
tinctly reveal the presence of a smooth peak at a specific frequency (see figure 4(a)). Notably,
the position of this peak varies with the value of k. To compute numerically the character-
istic frequency for different values of k, we resort to equation (31). Indeed it can be easily
shown that, in presence of a dominant mode, ωk tends to the frequency of that mode [36]. In
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Figure 5. Self-propelled case—near ordering: (a) correlation functions C(k, t) at the
pseudo-critical temperature Tc(L) for different sizes L, J= 18 (with normalised inter-
actions, see text) and λ= 0.1. The correlation functions are normalized by their value
in t= 0, and they are evaluated at k= 2π/L. Inset: scaling plot of the time correlation
with scaling variable tL−z. (b) Relaxation time τ as a function of the system’s size L.
The line indicates the fit with the theoretical dynamical critical exponent, z= 1.35, over
the six largest sizes.

figure 4(b), we then compare the characteristic frequencies obtained directly from the sim-
ulations with the analytical expression ωc(k) derived from the spin-wave expansion (38). In
conclusion, the numerical data confirm the presence of propagating spin waves in the fixed-
network fully conserved ISM and they are in full agreement with the theoretical predictions
of the spin-wave expansion.

3.3. Self-propelled test of the new model

3.3.1. SPP—Near-ordering phase. The dynamic critical exponent of the self-propelled
Model G is known to be z= 1.35, which is compatible with the estimate of z from experi-
mental data of midge swarms [17]. As also discussed in [17], numerical simulations of the
standard ISM model (i.e. λ= 0), performed with sufficiently small η, also yield an exponent
z consistent with 1.35. However, as discussed previously, the standard ISM is quite limited
if we want to explore the conservative universality class. Indeed, it exhibits this class beha-
viour only for L≪Rc(η) so that for larger sizes it requires increasingly smaller values of η,
which in turn requires increasingly longer simulation times. Here, on the other hand, we will
determine z in simulations of the purely conservative ISM, where these problems do not arise.

To obtain z, we follow the same procedure used for the FN case (section 3.2.1). In figure 5(a)
we display the correlation functions C(k, t) at the critical temperature, for several values of k.
At short times, we can observe the effect of inertia (i.e. a decay that is not exponential), much in
the same way as for the fixed network case. After the initial decay, however, there appears to be
an oscillation even at the near-ordering temperature, which was not present on the fixed lattice.
We currently lack a clear explanation for this phenomenon; this is a non-equilibrium model
for which we do not have a full theoretical prediction other than the RG determination of z.
However, we can put forward an educated guess. In systems with a low-temperature spin wave
phase (antiferromagnets and, more generally, the Model G class), it is well known that some
precursors of the low-T phase emerge already around the critical temperature [37–39]. Such
precursors (called ‘paramagnons’ in the modern condensed matter literature) show themselves
as unexpected real parts of the characteristic frequency, in a phasewhere onewould only expect
an imaginary part; hence, in the time domain, they are simply extra oscillations in the C(k, t).
The specific form of paramagnons is known to be highly dependent on the specific details of
the material/model under consideration, hence it may very well be that the out-of-equilibrium
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version of the fully conserved ISMmerely has a more pronounced abundance of paramagnons
compared to its equilibrium counterpart. A more careful investigation of the numerical data
and of the background theory are required to clarify this point; this is left for future research.

Whatever the specific shape of C(k, t), we can calculate the largest relaxation time τ from
C(k, t) at the pseudo-critical temperature Tc(L) and plot the obtained relaxation times τ vs. L.
This is exactly what we show in panel (b) of figure 5: our results show that our simulations
are in complete agreement with the prediction of the self-propelled Model G, i.e, z= 1.35. For
the sake of completeness, we fit a free exponent to the six largest sizes, obtaining an exponent
zfit = 1.35± 0.04. The scaling plot (inset of panel a) shows a very good collapse and again
confirms the validity of dynamic scaling. We remark that this is the first determination of the
exponent z from simulations falling in the universality class of self-propelled Model G without
the need to exploit a finite-size crossover, nor (which is the same) the need to tune any specific
parameter (i.e. the friction η, as it occurs in the standard ISM).

3.3.2. SPP—ordered phase. As in the FN case, the system undergoes spontaneous sym-
metry breaking in the low temperature regime (T≪ Tc). This manifests as a collective align-
ment of the individual velocities, with most of the particles moving coordinately along the
polarization direction. From a biological standpoint, this behaviour mirrors the coordinated
motion observed in starling flocks.We notice at this point a difference between our study of the
FC-ISM up to now and the real dynamics of starling flocks. Previous studies have highlighted
the topological nature of interactions within natural flocks [40], where individuals interact
with their nc nearest neighbours, rather than with all individuals within a fixed radius rc (met-
ric interaction), which is what we have implemented thus far into the FC-ISM. The problem is
that topological interactions can be non-reciprocal: the fact that one bird interacts with another
does not imply that the second bird interacts back with the first (nij ̸= nji). Within the present
definition of the fully-conservative model, this fact can potentially violate the conservation law
of the spin. Therefore, we opt to retain metric-based interactions here, prioritizing the explora-
tion of conservation law effects over an exact replication of starling flock behaviour. We leave
the (perhaps non-trivial) generalization of the fully conservative model to non-reciprocal inter-
actions to future work.

The procedure we follow to characterize information propagation is the same adopted in
section 3.2.2 for the fixed network model. In contrast with the equilibrium case, though, there
is no analytical determination, nor any previous theoretical study of the dispersion relation in
the active ISM to compare our data with. Yet, we do expect the presence of linearly propagat-
ing modes, at least in the low k limit. Indeed, this is what has been observed in experiments on
natural starling flocks [14], which led to development of the ISM in the first place. Besides,
numerical simulations of the dissipative ISM, in its low η regime, confirm the existence of
linearly propagating modes in the system. Moreover, from a theoretical point of view, the fact
that the fixed-network counterpart has linearly propagating modes, together with the obser-
vation that in the deeply ordered phase the interaction network nij(t) changes very slowly in
time [41], suggests that linear propagating modes of the orientation should survive also in the
active regime. Yet, of course, we have no reason to expect that the full dispersion relation in
the active case is exactly the same as in the equilibrium one. What we do expect, however, is
that there exists a regime above a certain value of λ in which information does not propagate
(ω̃ becomes purely imaginary), as happens in the equilibrium case. Accordingly we choose
λ= 0.1, a very low value we expect to be below this threshold.

In figure 6(a), we show the correlation functions C(k,ω) of the active, fully conservat-
ive ISM. We notice that the structure of the correlation function is similar to the one of the
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Figure 6. Self-propelled case—ordered phase: (a) correlation functions C(k,ω) for dif-
ferent wave-vectors k for a system of size L= 14 with T = 0.5, J= 18 (with normal-
ised interactions, see text) and λ= 0.1. (b) Characteristic frequency ωk computed from
equation (31) for different values of k (blue points); the straight line is a linear fit of the
three lowest-k data points.

equilibrium case, figure 4. There are two peaks, which maximum shifts with the value of k.
However, the peaks are not as smooth as in the equilibrium case. There are various possible
reasons for this, including lack of statistics and active effects (due to the slow reshuffling of the
interaction network). Another reason may be an underlying anisotropy in C(k,ω). To obtain
figure 6 we have averaged over three directions of the wave vector. This is of no consequence
for the equilibrium theory, which is isotropic even in the symmetry-broken phase, but this
is not necessarily true for SPPs (for example, anisotropic correlation functions are theoretic-
ally expected and observed in the ordered phase of the Vicsek model [7]). If some anisotropic
structure were indeed present in the active correlations, then by averaging the three directions
we would create a complicated structure by mixing different propagating modes. The detailed
study of a possible anisotropic structure requires much heavier numerical simulations and it is
left to further studies. In the present analysis we do a simpler characterisation of the ordered
phase (more similar to what feasible in an experimental situation where data are scarce), and
ask a simpler question, namely whether the mean characteristic frequency (defined with the
half-width method) does have a linear dependence on k. The answer to this question is positive:
figure 6(b) reveals a linear correlation between the frequency ωk and k at small momentum,
consistently with previous simulations on the dissipative ISM and with the experimental data
on starling flocks. Even though a more detailed study of the low-temperature phase is certainly
needed to fully explore the dispersion relation, these results confirm that the spin conserva-
tion law is responsible for creating linearly propagating modes of the orientation in the active
ordered phase of SPP models.

4. Conclusions

We have presented and tested numerically a version of the inertial spin model with relaxational
terms (friction and noise), but where the total spin is nevertheless strictly conserved. The form-
alism we have used exploits the recently introduced discrete Laplacian thermostat of [31, 32].
The framework also allows for additional non-conserving spin dissipation (see equation (23)),
but we have not tested this more general case in simulations. The main motivation for the
introduction of this model is that it provides a microscopic model belonging to the dynamic
universality class of active, inertial and conservative systems (active model G), described by
the newRGfixed point recently described in the inertial active field theory of [17]. The original
dissipative ISM, in contrast, is described by this fixed point only at sufficiently low dissipation
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and sufficiently small system size, being ruled in the thermodynamic limit by an overdamped
fixed point. As we have pointed out, the strict thermodynamic limit is of little use to describe
biological groups, which are rather small and can thus be ruled by unstable fixed points in the
presence of crossover phenomena. Nevertheless, it is theoretically desirable to be able to pin-
point at least one microscopic model that is strictly (i.e. in the thermodynamic limit) a member
of this new universality class.

We have considered first the fixed-lattice (non-active) version of the model. Since this equi-
librium case should belong to the well-known class of Model G, it serves as a test for the model
and the numerical procedure. In the near-critical region we have found the dynamical critical
exponent to be fully compatible with z= 1.5 (the exponent is known to be exactly z= 3/2 in
this case [23]). In the low-temperature phase, the dynamic correlation function C(k,ω) shows
clear spin-wave peaks and the observed dispersion relation coincideswith the theoretical result.

We then simulated the active (self-propelled) model, which is of course out-of-equilibrium.
In this case, the available theoretical results are limited. In the near-critical regime, we found
z= 1.35, which coincides with the one-loop RG result as well as with the numerical simu-
lations of the weakly dissipative ISM [17]; incidentally, this is also the exponent measured
in experiments on natural swarms of midges. Density fluctuations, and their coupling to the
order parameter, are the reason why the ordering transition in the Vicsek model is discontinu-
ous in the thermodynamic limit [4, 6, 42–44]. However, finite-size effects are strong, and the
phenomenology of continuous transitions is observed in not-too-large systems both in simu-
lations [9] and in actual biological groups [45]. To study this phenomenology theoretically,
incompressibility is added as a hard constraint (as e.g. in [17, 46]). In numerical studies, the
size at which the discontinuous phenomenology starts to be observed depends strongly on the
details of the model (such as discrete vs. continuous time [12] or scalar vs. vector noise [9]). To
study the critical regime of the (dissipative) ISM under conditions of minimal density fluctu-
ations, the simulations of [17] normalized the alignment coupling J by the number of particles
within the interaction radius, Jnij → Jnij/ni, a prescription that is known tomake themodel less
prone to phase separation. Here we have used the symmetric normalisation Jnij → J nij

1
2 (ni+nj)

to

preserve spin conservation.
We have also looked for spin waves in the ordered phase of the active model. We have set

a low value of λ to avoid excessive attenuation of spin waves that could lead to a purely ima-
ginary dispersion relation. There are no theoretical results to look at for guidance in this case,
but the expectation from experimental results in flocks [14], and simulations on the weakly
dissipative ISM [15], is that there should be propagating modes with a linear dispersion rela-
tion (second sound). We have found excitations showing up as peaks in C(k,ω) that, although
somewhat broad, do display a dispersion relation with a linear real part. However, the phe-
nomenology of the low temperature phase clearly needs further investigation; in particular, the
question of a possible anisotropic structure of the correlation functions should be addressed.

Another question that remains open is the following: the ordered phase of ISM is a good
candidate to describe flocks of birds; however, it is known that in starling flocks interactions
are topological rather than metric [40]. It is not clear how to deal with topological interactions
in this model. Topological interactions lead to a non-symmetric adjacency matrix (because
particle i being n-th nearest neighbour of particle j does not necessarily imply the reciprocal
relation), thus violating strict spin conservation at the deterministic level. One could still intro-
duce spin-conserving noise (employing a different matrix for the dissipative part), but it is not
clear how this would mix with a non-conserving deterministic interaction, and what difference
would it make with respect to the dissipative case. The topological case calls for a detailed sep-
arate study.
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Despite the several open questions, this first test of the new conservative model shows that
it can be useful for numerical studies of the active, inertial and conservative universality class,
with no possible complications due to the presence of the small dissipation, as in the original
ISM. An important instance in which the complete absence of dissipation may help in the
analysis is the following. As we repeatedly remarked, the complicated structure of spin-wave
excitations in the low temperature phase of the active model has yet to be fully understood.
However, by construction, it is clear that this complicated structure cannot be due to the pres-
ence of dissipation, as one could have surmised if the original dissipative ISM had been used
to simulate the system. Although this and other issues remain open to further studies, the use-
fulness of the present model seems promising.
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Appendix A. On the condition si · vi = 0

The equation for the spin in (5) is subtly different from (and simpler than) the corresponding
ISM equation first introduced in [15]. The reason is the following. In the original model it
was imposed the constraint si · vi = 0, which required that both the dissipative term and the
noise term in the spin dynamics had to be crossed-multiplied by vi. The purpose of the present
work, though, is to add a conservative irreversible structure to the model, which can make it
stochastic while conserving the total spin. The new conservative terms (section 2.3.3) violate
the condition si · vi = 0 (although it still holds on average). Because of this, we find it more
convenient to relax the constraint from the outset, thus introducing this slightly simpler version
of the ISM (equation (5)), which is the one we generalise in the Main Text to the conservative
case. From the physical point if view, the noise in equation (5) corresponds to the case in which
the system is directly exchanging spin with the environment, while the original ISM equations
of [15] correspond to the case in which the system exchanges the linear generator, wi , with
si = vi ×wi [47] with the environment. Because the ISM is an effective model, with no direct
connection with the actual mechanics of the agents described, and because we have no idea
of the actual interaction with the environment considered as a heat bath, both descriptions are
acceptable, depending on the desired applications of the model. We notice, though, that once
we give up the constraint si · vi = 0, we can no longer work on the ISM within the framework
of the linear generator wi , as it was recently done in [47].
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Appendix B. The overdamped limit of the ISM

The overdamped limit is always a limit in time; the inertial time scale of the ISM is χ/η,
hence the overdamped limit corresponds to η so large that the inertial scale is shorter than the
microscopic time scale of the system (since the inertial χ is always an innocuous parameter
of order 1, the overdamped limit is often identified as that of large η). In this regime, the spin
becomes a fast variable, so we can set ṡi = 0, and get,

η

χ
si = vi × J

∑
j

nijvj+ ξi , (B1)

which, once plugged into the equation for v̇i, yields,

η
dvi
dt

=

vi × J
∑
j

nijvj+ ξi

× vi , (B2)

which is exactly the Vicsek model (3). From the conceptual point of view, this is particularly
pleasing: the ISM is not some completely new model that has nothing to do with Vicsek;
the ISM is simply the underdamped version of the Vicsek model. Or—more accurately—the
Vicsekmodel is the overdamped limit of the ISM. Also, in this waywe better understand where
the parameter η in the Vicsek model comes from.

Appendix C. The issue of dissipation and the RG crossover

The route from an underdamped model for low η to an overdamped one for large η has a partic-
ularly clear and vivid representation in the context of the Renormalization group (RG), where
the two limits are described by two different asymptotic fixed points [17]. The crucial concept
is that in the vicinity of the underdamped fixed point (η= 0), dissipation is a relevant para-
meter in the RG sense: this means that no matter how small η is in the microscopic equations
of motion, as long as it is non-vanishing, dissipation grows indefinitely along the RG flow,
asymptotically reaching the overdamped limit (η =∞). Because in the overdamped limit one
recovers the Vicsek model, which has none of the new ISM features meant to describe natural
flocks and swarms, one may wonder what is the purpose the ISM, and, most importantly, how
is it that natural systems display clear underdamped features if the RG dictates that dissipation
always takes over in the asymptotic limit?

The key word here is asymptotic. The fact that the limit of the RG flow is a certain fixed
point means that the infinite length scales physics of that system is ruled by that fixed point;
the process of iterating the RG transformation, i.e. to advance the RG flow, corresponds to
observing the system at larger and larger length scales, so the attractive fixed point rules the
full system in its thermodynamic limit. However, biological groups are invariably far from the
thermodynamic limit: they are finite-size systems, in which case it becomes essential to take
into account the possibility of a RG crossover.

Consider a microscopic theory whose physical (i.e. bare) parameters are close to some RG
fixed point A and consider the case in which A is unstable with respect of one of these para-
meters. To anticipate what happens in our case, let us call η this unstable parameter, and η= 0
its value at the fixed point A. The RG flow along the direction η leads from A to some attractive
fixed point B, with respect to which η is a stable (irrelevant) direction. Which fixed point, A
or B, will rule the physics of the system? This depends on two things: the microscopic (phys-
ical) value of η and the system’s size L. The microscopic value of η determines a crossover
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length-scale, Rc(η), below which A still rules the physics of the system and beyond which B
does. Rc(η) is the larger the smaller is η and goes to infinity when η= 0 (as it should, since
killing kill the unstable parameter makes A an attractive fixed point). Hence, if we are at liberty
to take the thermodynamic limit, as some point we will necessarily cross-over to the regime
L≫Rc and the stable fixed point Bwill therefore be dominant in that limit. On the contrary, if
the system has finite size and it happens that L≪Rc (and recall that Rc(η) can be arbitrarily
large provided η is small enough), the system is dominated by the unstable fixed point A.

Several studies, both experimental and theoretical [14, 16, 17], have shown that bird flocks
and insect swarms have a small enough microscopic dissipation η to be in the vicinity of
the underdamped fixed point, namely L≪Rc(η). Numerical simulations of the ISM have
confirmed this scenario [27, 28]: if we run simulations of equation (5) at a given size L with a
small enough value of η, we find the critical exponents of the underdamped fixed point (η= 0),
while if we increase η in the simulation at some point we cross over to the critical exponents of
the overdamped fixed point, namely of the Vicsek model. So, even though we introduced the
ISM to reproduce some inertial features of the dynamics, it is all right to introduce relaxation
through a pair of dissipative fluctuation-dissipation terms as in (5), because for small enough
η we still recover the underdamped physics of real biological groups. However, there is more
to say about the nature of the η= 0 fixed point.

C.1. The need of fully conservative fluctuation-dissipation

What kind of fixed point is that with η= 0? It is underdamped, clearly, but how can the sys-
tem relax there? If η= 0, we see from (5) that the perfectly underdamped version of the
ISM is the deterministic model (2), which is somewhat disturbing, if not downright alarm-
ing. From the practical point of view this may seem not such a crucial issue, because—as we
have just explained—we can always use some small-but-non-zero dissipation η in the micro-
scopic model and all will be good as long as L≪Rc(η). But from a theoretical point of view,
we cannot help asking how can we make statistical-mechanical sense of the model with η= 0?
The—somewhat astounding—answer is that the RG itself generates (under coarse-graining) a
new pair of conservative fluctuation-dissipation terms, which makes the theory stochastic and
relaxational even when η= 0 [27, 28]. Let us see very briefly how this works.

We start from a field-dynamical equation for the coarse-grained spin s(x, t) that is the con-
tinuous equivalent of the ISM equation,

∂s(x, t)
∂t

= reversible terms− ηs(x, t)+ ξ , (C1)

where the noise has correlator,

⟨ξα (x, t)ξβ (x ′, t ′)⟩= 2η δ (x− x ′)δ (t− t ′)δαβ , (C2)

and where the only important thing we need to know here about the reversible terms is that
they are invariant under rotations of the velocity field and therefore conserve the total spin, just
as the social force in the ISM; on the contrary, the two irreversible terms, friction and noise,
break the conservation law. If the dynamical RG is applied to this theory, one finds that the
irreversible terms get modified as follows [27, 28],

∂s(x, t)
∂t

= reversible terms−
(
η−λ∇2

)
s(x, t)+ ξ , (C3)
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with,

⟨ξα (x, t)ξβ (x ′, t ′)⟩= 2
(
η−λ∇2

)
δ (x− x ′)δ (t− t ′)δαβ . (C4)

This little piece of magic of the RG derives from the conservative nature (i.e. from the sym-
plectic structure) of the reversible terms, which generate under coarse-graining an equally
conservative fluctuation-dissipation structure [27, 28].

Therefore, at the coarse-grained level (i.e. in the associated field theory) all is smooth and
good at the underdamped, η= 0, fixed point, because there is a conserved noise and a conserved
‘friction’ that grant relaxation even in complete absence of dissipation. In fact, in the classical
non-self-propelled (or fixed-network) case, this coarse-grained model is a very well-known
field theory, namely Model G of Halperin-Hohenberg [23], which is a perfectly conservative
theory where no dissipation what-so-ever is present (that is, η= 0 and λ ̸= 0). Bottom line:
even though our microscopic model only sports dissipative fluctation-dissipation terms, its
associated coarse-grained field theory generates non-dissipative fluctuation-dissipation terms
that make it perfectly acceptable to talk about the underdamped fixed point at η= 0.

As pleasing (or mysterious) as this may seem, the fact remains that in the microscopic
model, which is the only one we actually simulate numerically, setting η= 0 remains prob-
lematic, because we do not have any λ term to save the day. Whenever we need to test a
theoretical result that holds at the underdamped RG fixed point corresponding to η= 0, we
cannot directly set η= 0 in our simulation. Instead, we rather have to calibrate η and L in such
a way as to be able to relax the system while at the same time keeping L≪Rc(η) in order to
reproduce the underdamped phenomenology as observed e.g. in [17]. This is realistically fine
(as this is what happens in real natural system) but operationally very unpractical, not to say
illogical: once we know that we need to test some feature of the underdamped fixed point, it
would make more sense to just set η= 0 also in the microscopic simulation. How can we do
that? The answer is: by carrying the conservative fluctuation-dissipation terms generated by
the RG over to the microscopic theory.

Appendix D. On the crossover length Rc

We have stated that the system is underdamped when L≪Rc, where Rc is the η-dependent
crossover length scale, but we did not give much insight on how this length scale emerges.
Once we write (23), however, we can be a bit more specific.

The discrete Laplacian is dimensionless, so out of dimensional consistency we can write,
Λij ∼−a2∇2, where a is some microscopic length-scale (it would be the lattice spacing, in the
equilibrium case). From mere dimensional analysis, then, we see that the ratio a2λ/η has the
dimensions of a square length; moreover, we see that such length-scale diverges for η→ 0, as
we expect from the crossover length scale: if no dissipation is present, the system is under-
damped over all scales. It is no surprise then to discover that at the bare level, i.e. without
taking into account RG corrections, the crossover length-scale is indeed proportional to,

R(bare)
c ∼

√
λ

η
. (D1)

There are RG corrections to this formula, both in the amplitudes (to restore dimensions) and
in the exponent [17], but this simple argument gives flesh to the statement that finite systems
are underdamped as long as dissipation is small enough.
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