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A simple model of harmonic vibrations in topologically disordered systems, such as glasses and
supercooled liquids, is studied analytically by extending Euclidean random matrix theory to include
vector vibrations. Rather generally, it is found tkiatthe dynamic structure factor shows soundlike
Brillouin peaks whose longitudinal/transverse character can only be distinguished for small
transferred momentuny; (i) the model presents a mechanical instability transition at small
densities, for which scaling laws are analytically predicted and confirmed numeri@allythe
Brillouin peaks persist deep into the unstable phase, the phase transition being noticeable mostly in
their linewidth; (iv) the Brillouin linewidth scales likep? in the stable phase, and likein the
unstable one. The analytical results are checked numerically for a simple potential. The main
features of glassy vibrations previously deduced from scalar are not substantially altered by these
new results. ©2003 American Institute of Physic§DOI: 10.1063/1.1610439

I. INTRODUCTION actual value of the exponent is still a matter of debate

Recent advances in x-ray and neutron scattering tectfMong different experimental grotifisome proposing=2,
niques have allowed us to obtain very detailed physical inS0mea=4), yet one should bear in mind that for somewhat
sight into the high-frequency0.1-10 THz vibrational dy- smaller momenta, an unambiguops scaling has been
namics of supercooled liquids and glasses. Indeed, withifound in optical measurements of sound attenuation in amor-
this range of frequencies their spectra reveal several univephous silicé:
sal properties, related to the presence of soundlike excita-  The fact that the above described features, as well as the
tions for momenta of the same order of magnitude p§,  Boson peaksee below, are universal, supports the hope that
the first maximum of the static structure factdypically  most of the underlying relevant physics can be captured by
corresponding to wave numbers of a few T In xray  gome simple model. Yet, the very nature of these systems,

Irzzl'iftl(r:escez;tlteegg% gﬁ; ”T]etmsétm:a@azgr.iqtﬁn_% scr)gn%n c)fintermediate between solids and liquids, poses a considerable
Ny rev flouin-type p : Zregi challenge to the description of their spectra. One could, for

the dynamic structure factor, whose position grows linearly, o . .
for p<po, i.e., o(p)~cp (the speed of soundbeing quite instance, take the liquid point of view: the well-knoway-

close to that obtained by acoustic measuremeans! satu- drodynamic approximatiohpredicts the existence of sound-
rates at a frequency(p)~ w, for p~p,. Moreover, thep  like excitations for all wave numbers, and a sound attenua-
dependence of the peak width is often described§p) tion coefficient(very much the same as the linewidth of a

= Ap“, where A is basically temperature independent for Brillouin peak) that grows likep?. And in fact, as said
momenta ranging from 0.Q} to p,.? Interestingly enough, above, such a scaling has been measured for instance in the
I'(p) also saturates as the momentum becomgs. The  range 0.0py,—0.1p, in amorphous silicA. However, when
using the value of the viscosity of silica at room temperature
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(an unknown quantity not smaller than'#@oise$ in the Raman scattering is the vibrational density of states
hydrodynamic formulas? it is overestimated byat least  (VDOS), g(w). Its most striking feature is the presence of an
eight orders of magnitude. Thus, hydrodynamics predicts @xcess of states over the Deby@ law in the “low” fre-
completely washed-out Brillouin peak, in plain contradiction quency region, i.e., where the dispersion relation is linear
with experiments. A drastically different approach is to con-(but still in the THz region This excess of states is seen as
sider these excitationéwhose inverse frequency is much a peak when the VDOS is suitably plotted, and has been
smaller than the structural relaxation times harmonic vi- namedboson peakBP). There are at least three different
brations around a quenched atomic structure, a point of vieways of defining the boson peak from experiments. It is
supported by recent molecular dynamics simulatioils. sometimes defined as a peak in Raman scattering data, some-
Given the presence of well-formed local structures (SiO times as a peak in the difference between the observed
tetrahedra, for instang@ most natural approximation in this VDOS of the glass and that of the corresponding crystal
context is to consider that the oscillation centers form a cryséwhich is «»?). The third definition, and the one we will
talline structure, the disorder in the atomic positions beingadopt, is to look for a peak ig(w)/w?. When so defined,
mimicked by randomness in their interaction potefti&l the peak positiorwgp usually shifts to lower frequency on
(disordered lattice modéf. This approximation is particu- heating?’ except for the case of silicd.In this material the
larly appealing for analyzing scattering experiments, sinceshift is seen on lowering the densff.
inelastic scattering from crystals is nowadays a well-  Though there are theoretical approaches that explain the
developed discipline. The presence of more than one atomiBP through anharmonic effectthere is a growing consen-
species in most glass formers produces a complicated vibraus that anharmonicity, although certainly present in real ma-
tional structure, with acoustical and optical branckiesth  terials, need not be invoked to explain the BP or the other
longitudinal and transversalvhich are degenerate in energy features of high-frequency sound described above. Indeed,
for wave numbers close tp,. It is clear that a crystalline several numerical simulations have shown that a model of
analog can be very useful to clean up the mésdgowever, harmonic vibrations is wholly adequate to describe this fre-
disordered lattice models dramatically underestimate theuency rangé-° On the other hand, even within the har-
scattering of sound wavés. monic framework the nature of the extra low-frequency

A somehow intermediate position is held by those study-modes giving rise to the BP is still an open point. At a quali-
ing vibrations around a topologically disordetédliquid tative level, the frequencwgp is close to the loffe—Regel
like) structure. There are basically two such approachedrequencyw,z, the frequency at which vibrational modes
modified mode-coupling theol§ (which is not limited to  change from propagating to nonpropagating. This is accom-
harmonic excitations and Euclidean random matrix theory panied by a crossover from weak to strong scattering of the
(ERMT).®>~YERMT owes its name to the fact that it formu- phonons by the disordét;?* suggesting the possibility that
lates the vibrational problem as random matrix probfm. the excess BP modes are localizéd® However, numerical
The matrices involved are called Euclidean randomsimulations of amorphous silica have shown that the local-
matrices'® and their study has required the development ofization edge is at frequencies greater thagp and w g .2’
new analytical tools. Both MCT and ERMT predict an en-This has also been found analytically in the CPA
hanced scattering of sound waves as compared to disorderé@amework™* What the loffe—Regel criterion signals is rather
crystals, but up to now had been limitédue to technical a crossover from phononlike excitations to a different region
difficulties) to very simple approximations where the three-where the scattering due to disorder is very strong and the
dimensional nature of particle vibrations was neglected. Thisnodes do not propagate. We call these malassongsince
paper deals with the extension of ERMT to the physical cas¢hey do not propagate but “diffuse,” they have also been
of three-dimensional vibrations. In this way, we shall learncalled diffusong’). A large bump of glassons is generally
that indeed the universal features of the high-frequency spedound around the loffe—Regel frequency, due to the flatten-
tra can be ascribed to the topologically disordered structureng of the dispersion relation. This can be considered as the
of supercooled liquids and glasses. However, we must streggass counterpart of the van Hove singularity of
that no results are available yet for the case where severatystals>*'?8 All the recently proposed theoretical frame-
atomic species are present with very stréogal correlations  works predict that this peak of glassons should move to
among them(e.g., silica tetrahedroinswhich would be di- lower frequencies when approaching an instability transition,
rectly relevant for the interpretation of scattering data. where negative eigenvalué¢snaginary frequencigsappear.

In the previous scalar studies, the linewidth was found toThis has been related to the arising of the'8®14?8Some
be I'(p) ~Cp?+ Dp?w?, and the peak positiom=cp. So, recent simulations for silica have stressed that the BP has a
for p<p, one getse=2, thus recovering the hydrodynamic strong component of transverse modé$.
scaling, but with Brillouin peaks that are still observable A recent breakthrough of the ERM theory has been to
whenp is close top,.! It must be noticed that the possibil- push the analysis of the vibrational spectra of glasses from
ity remains of a crossover at a momentpgx po (before the  the qualitative level, where mainly orders of magnitude are
broadening saturateto the a=4 regime. This possibility compared, to a more quantitative one, making sharp predic-
should always be considered when discussing experimentéibns about the values of universal critical exponents describ-
results obtained under different thermodynamic conditionsng the approach to the singularify.The first attempt to
and for different momentum rang@s. confirm the theory by measuring them in a numeric simula-

Another quantity accessible to experimer¢specially tion has been quite encouragiffyThe picture emerging is
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the following: the BP modes are given by the hybridizationwhere the dynamical matrik is an Euclidean random ma-
between the phonons and the low-energy tail of the glassotmix
peak which softens when the system approaches the instabil- N
ity transition. Such a mechanism is strongly suspected to

ta)llke place in supercooled liquids at the mo?ig coup?ling tran- M o XU = = 0 (7= X7 + 5”21 Fln =),

sition, and there is numerical suppbrfor the idea that the 2
mode coupling transitiofactually, crossoveiin supercooled ) ) ) o

liquids corresponds to a smooth phase transition in the ef¥ith f.,(X)=d,,0(x). Translational invariance implies that
ergy landscape, from a saddle-dominated region to there are three null eigenvalues corresponding to the rigid
minima-dominated one. translations of the system as a whole.

Interestingly enough, since the ERM computation was In the one-excitation approximatidand in the classical
originally performed in the monoatomic scalar céise., the limit) the dynamic structure factor measured in inelastic-
vibrations are all colineatthe results obtained do not depend SCattering experiments is
on the existence of transversal or optic modes but describe a
general phenomenon occurring when phonons and glassons g1 (p,w)= _2 E p-e, e elPX; e ?
interact. On the other hand, since in real systems the lower

energy glassons have been claif€do have transverse po- h he ei f th ical .
larization, in this work we shall support the universal char-Where&, are the eigenvectors of the dynamical matrix and

acter of the transition by extending the Euclidean randonf’n |t|s mgenfrequenme@squari ro(;)t ofdelgednvalu)es'lr;hz
matrix theory to a generic model with longitudinal and trans-CVerline means average over the disordered quenched posi-

verse modes. Our aim is to check the validity of the predic- tions, whose distributio[ x*9] has to be specified. It is thus
tions of the vectorial ERM computation on a simple Gauss-2SSumedas it is often the case for disordered systethat
ian model whose spectral properties have been numericallj)2Croscopic observables are self-averaging. The density of

studied by the method of momerifsAs a matter of fact, the tates(VDOS) is obtained in the limit of large momenta

theory predicts that the behavior of some of the main spectral
features, namely the arising of the BP and the broadening of  g()= lim
the Brillouin peak, are universal and hence can be captured p—ockg T p?
even by the simplest model. We shall show, concerning the
features mentioned above, that the numeric results of th¥/e can obtai
Gaussian model agree with the theoretical predictions and

S(w—wn), (3

s“>(p w). (4)

8 (p, ») through the resolver®(p,z)

are identical to those found in more realistic models of frag- G (p,2)= iz LRGN - ok
; 30 g N “% z— M |} KY
ile glass formers: i
The layout of the rest of this paper is as follows: In Sec.
Il we introduce the theoretical formalism of ERM theory. In =G.(p,2) pMpV +G+(p, z)( %) '
the next section we discuss the phase transition as it results p?

from an analytical model-independent computation. In Sec. (5)

IV we check these conclusions by reporting numerical and

analytical results of a particular simplified modeie Gauss- which is an axial tensor that can be separated into a longitu-
ian mode]. We will see that our analytical results fail in dinal term and a transversal or®, (p) andG+(p), depend-
giving the whole shape of the spectrum, due to the superpdng only on the magnitude gf. The dynamic structure factor
sition approximation and to the high density expansionis obtained from the longitudinal resolvent using the distri-
However, these results describe rather well the behavior dfution identity k+i0") ~t=P(1/x)—i7d(x) (Plemelj for-

the system near the transition point, with the correct expomula)

nents and scaling laws. We summarize our conclusions in the )

i 2kgT
last section. SY(p,w)=— j P Im G (p,w?+i0%). (6)
Il. THE EUCLIDEAN RANDOM MATRIX THEORY A transverse dynamic structure factoot measurable in ex-
IN THE VECTOR CASE periment$ can be defined in an analogous way, and will have

a Brillouin peak corresponding to the transverse excitations.
We study a model where particles oscillate around fixed A most important and general result is that for o« the
random positions, so that the position of partick timet is resolvent becomes isotropic
xi(1) =x"% ¢;(t); the x79 are quenched equilibrium posi-

tions (whose distribution must be specifjehd ¢;(t) are the - 1 —1
displacements. From now on, Greek indices will label the Guv(z)zﬁ; Z—M [imiv™ ’”N Tr{z—=M] @)
Cartesian components of the displacementgt). In the
harmonic approximation the Hamiltonian is So, both longitudinal and transverse structure factors tend to
IN IN 13 a common limitthe VDOS, see Eq4)] at infinite momen-
_ o tum. This implies in principle that both the dispersion rela-
Hx] .2;’ 00 2} ;’V Mini XD elef @ tions saturate at the same value. However, in disordered sys-
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tems the dispersion relation is ill-defined wher- wg since 1 2 ip- I xE0
the Brillouin peak becomes very broad. We shall come bacly T eP i AR (MY) ke
to this subject later.

In order to fully define the model, one has to specify the  =p"Al,"(p)+p" AL " Y(p)+---+pAlP(p). (12
potentialv (r), which for the moment we leave unspecified,
and the probability distributio[x9]. The choice oP isa L€t us remark that fop=0 we have
crucial one, the various alternatives having a different physi-
cal meaning. Two cases are especially interesting in the G,.,(0,2)=
physics of glasses. If one is interested in the instantaneous
normal mode(INM) spectrum, one should choose

O

- (13
which means that uniform displacements are eigenvectors
with zero eigenvalue. This is a consequence of translational
symmetry, and must hold at arbitrary density. Therefore, we
must haveAEL’;,s)(p=0)=0 for all r ands.

The calculation proceeds by finding the polynomial co-
efficientsASf)(p) up to a given approximatiofil/p expan-
sion) to all ordersr. Then, the 1 expansion is resummed.
The leading ordefthat with the highest order ip) defines
the bare propagator. The terms with smaller powerspafill

1 take the form of a self-energy, broadening the spectral line.

P[x®9,E]= WE X1 —X4(E) ] S xn—X3(E)1, Qrgamzmg the_ calculation as explained in .Ref. 16, one easily
a finds AEL"Vr)(p) in terms off ,,(p), the Fourier transform of

f..,(r), that can be separated into longitudinal transverse

PIx*ecexp( — BH[X*T)), 8

with B=1/kgT, since one is studying the vibrations around
typical equilibrium configuratior® If instead one wants to
focus on vibrations around stationary poinfsaddles or
minima) of the Hamiltonian with a given energg, the
choice would be

where {x{"(E)} are the M(E) solutions of the equations

dH(x)=0 under the conditioH(x{")=E. The probability R R PP, - PP
function enters in the calculation of integrals of the type fuu(P)=FL(p) %wL fr(pP)| Sur— “—2V . (14)
p p
f dx, Ay - dxe g (X Xo - X In the following, it will be important to remember that
fL(0)=f;(0)=f(0). Onefinds
X F(Xq,X0) F(Xg,X3) T (Xe—1,Xk), (10 - -
PR e ALD(P)=([F(0) = F(P)]),.,

where g®(xq,X,,... %) =p K[ dX, 1 --dxyP[x] is the
k- . . . . . . . _re z r p;.va

particle distribution function. Obviously the computations =[f(0)—f (p)]——=—
become a lot easier by takimi] x]= 1NN (i.e., considering a p

uniform distribution of the equilibrium positionsinstead of oD

the agtual formg8) or (9). Thl_s is what we shall do in t_he +1F0) = Fr(m]'| 8,0 uzv . (15)
following. As we shall later discuss, this brutal approxima- p

tion is not completely useless, as might seem at first sight. ) ) ) ) _

For the moment, let us show the main steps of the computthUS- at the leading order in the high-density expansion, the
tion in this simplified situation. 1/z series is geometric and the longitudinal and transverse
The computation of5) is the generalization of the scalar Part are independent. Thre propagato(exact in thep—

vibrations casé®” so we shall only outline it, stressing the limit) is then
differences. Proceeding as in the scalar case, one first ex- oD oD
pands the propagator inzl/ Gitoﬁ(p,z)=G<L°>(p,z) SZV+G(TO)(P,Z)( B ;;)-
11 — (16
Gu(P)=2 ~ 52 €T THIMY) 4. (1D 0
G’ (p.2)=[z=pf(0)+pf r(P)] ™. (17)

=0 Zr+1 N I
Consider the term of orderin this expansion. If we do not Notice that it verifies Eq(13), as it should. Using6), the
allow repetitions, there arbl!/(N—r—1)!~N"*! ways of  Brillouin peaks in the dynamic structure factor can be recov-
choosing the particle index. There is a factov"17* from the  ered in thep—c limit. Both the longitudinal and the trans-
average over particle positions, another factdt from the  verse propagators have a simple pole for epcimplying
definition of the resolvent, and an extra factor\ofdue to  that sound waves are exact eigenvectors of the dynamical
translational invariance. Hence, terms without repetitionsnatrix in this limit. The bare propagator describes an elastic
contributeO(p") (p=N/V is the particle number densjtyit ~ medium of infinite density, where the longitudinal and trans-
is easy to convince oneself that every time that we allow averse dispersion relation are given by
particle repetition, we lose a factor of Then, the generic 0 - -
term in the 12 expansion is a polynomial ip op 1(p)=(pf(0) = pfL r(p))*™2 (18)
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FIG. 1. A simple diagram illustrates the Feynman rules.

which become linear at small The density of states, that is
obtained from the propagator in thg— limit, is rather
unnatural forp—o:® a single Dirac delta function at fre-
quencyy/ pf(0). This pathology is a consequence of the lack
of a Debye cutoff frequency in our elastic medilithere are
infinitely more wave numbersutsidea sphere of arbitrary
large radiusp., than inside it, but all wave numbers larger
than p, will have a frequency arbitrarily close tgpf(0)].
This problem will be solved by the finitg corrections. 1 d3q

To calculate the finite corrections, one must allow for S (p.2)= J 5V (4,p) G0, 2)V,,(a,p).

. o . X i (2m)
particle label repetitions in the matrix producfsl). Repre 26)
senting the matrix product by a chain of particle labels, at

first order in ]_b we have to take care of a 5ing|e partide To see that this is aCtua”y the case, one can consider the
label repetition second-order corrections, where we have four different to-

G,(P.2)=G(p.2)+ G (P2 X (P, 2)G))(P,2)
+Giy(P2)2 R (P.2)G(p.2)
+G“KnaE“NDDG”RDDEWApD
XGP(p.2)+ (25
Therefore, one is tempted to conclude from E2) that

pologies
T (19) L1122, 27)
where the unrepeated indices are represented by dots. Calcu- ...1...2...2...1..,, (28)
lating the generic contribution of this diagrams for mlbne 1.2 1.2 (29
obtains the coefficienta([;’~"(p), then, resumming the 4/
expansion, one findgepeated Greek indices are summed S U S (30

It is clear that to make further progress one needs some kind

d3q : )
G z =G(°) 7 +G(O) 7 f ' of Feynman rules. We have been able to find a set of dia-
p(P:2) +(P.2) (P2 (2m)° Vala.p) grammatic rules valid for planar topologigie., repeated
indices can be nested but not intercalatidee Egs.(27) and
1 (28), which we give below. They should not be used in gen-
(0) (0) . ,
XG\o(4:2)V,p(A.P) |Gy (P.2) +O pz)’ (20 eral situations like Eq(30). The rules ardsee Fig. 1

(1) Join unrepeated particle indices with a full line.

(2) Join repeated particle indices with a dashed ‘“interac-

tion” line. Momentum is conserved at each interaction

vertex, so we can attach a momentum to each line.

(3) To a full line carrying momentunk associate a bare
propagatoiG{?)(k,z).

Vo (a,p)=p(f (@)~ f,.(p—a)). (21)

This can be easily interpreted if one has in mind that correc-
tions to thep—oe limit will take the form of a self-energy

1 (4) Place a vertex functio(q,p) at each of the vertices
Gu(p.2)= . @ . each of the vertice
z—pf(0)+pf(p)—2(p,2) connected by a dashed line. Hepeis the incoming mo
# mentum andj is the one running inside the loop. Beware
where3.(p,2) is a matrix with the standard form the vertex function does not commute Wlt_h the bare
propagator, so the order they have in the diagram must
0.p 0.p be respected. The resulting sequence must be interpreted
3,(P.2)=3L(p) K v+2 « )( » %) (23) as a matrix product.
(5) Integrate over the momenta inside the loops.

(6) Add a factor 1p for each particle repetitior{dashed
Due to (13) the self-energy should vanish pt=0. Now, if line).
the self-energy has a series expansion j 1/
In this way, one can easily see that E2j7) represents a term
of the Dyson resummation a&V), while the other three

schemes are genuine contributionst’. These rules rep-

3(p,2)=32Y(p,2)+2?(p,2)+- -, (24)

the contribution of order P/ being2")(p,z), then the re-
solvent readg¢Dyson resummation

resent a significant improvement over the previously pub-
lished expansion¥ For example, the repetition scherf2s)
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%)= { Y= % qu V(a.p) G%a) V(g,p)

%)= {

= % jdq V(gp) Gla)Z® (@) G) Vap) + % jdq viap) G Z" (@ G @ G%a) Viap) + [neglected termS}

FIG. 2. The diagrams corresponding to the first three termsdmfithe self-energy.(p,z) [see Eq(24)]. Nonplanar graphéshown inside the bracketare
neglected in theactusresummation of the Dyson equation.

involved 16 diagrams in the previous versitgee the Ap- It is interesting to naotice that even if the bare propagator did
pendix of Ref. 16, while it now corresponds to just one. The not have a transverse component, the first-order contribution
other two diagrams foE (?), which will be neglected in the to the self-energ¥ ") would generate a transverse excitation

resummation used beloee Fig. 2 are the diagram corre- band: the scattering among longitudinal and transversal

sponding to the particle repetition {29) phonons is much stronger in our case than in disordered
5 . lattices.
1 d°q d Before proceeding to th lysis of th t ti
< _ (0) _ p g to the analysis of the cactus equation,
pZJ (2m)3 (277)3\/’“1(p A.P)Cap(2,V (A K, Q) let us note that the correlations between the equilibrium po-
sitions of the particles can be taken into account quite easily
X G'(z,K)V5,(p—a,p—q+k) at the level of thesuperposition approximatiom the above
o approach. This approximation amounts to writing the integral
XGGT(Z!p_q+k)Vrv(q_kvp) (31) (10) as

and that corresponding {80) f Xy Ay -0, G(Xq 1 X0) 9P (Xp,X)

3 3
1 [ da dk _ © k20— g
2) (2m)? (277)3\/"“('0 a,P)Gap(z.a) Ve, (A=K, 29— p) 9" (k- 1. %) F (X1, X2) F(X2,X3) - F(Xn—1, %), (35)
P where all the information about the correlations is assumed
X G%)(z,k)vtgy(p— k,p). (32)  to be contained pair distribution functiart®(x,,x,) (corre-

sponding to the chosen probabiliB{ x9]). The results de-
These three diagranisee Fig. 2 vanish independently for rjved above for the case without correlations are translated to
p=0, and(in the scalar cageare equivalent to the 39 dia- the correlated cas@t the level of the superposition approxi-
grams of the previously published expanstén. mation by replacing the function§(x) by g (x)f(x).** In
Given these rules, it is a well-known combinatorial re- this way the usual power-law divergence of the pair potential
sult (Dyson equationthat the sum of all planar diagrams for |x| -0 is balanced by the exponential behavior of the pair
(cactus approximation takes the form of a self-consistent distribution function, and this ensures the existence of the

integral equation for the self-energy Fourier transform of the produd(x)g®(x).
a3 I1l. ANALYTICAL RESULTS: THE PHASE TRANSITION
2ulP.2)= ;j (277)3Vm(q,p)Gm(q,z)Vw(q,p). In this section we aim to show that from the cactus ap-

(33 proximation[Eqg. (33)] it is possible to derive a few analytic
model-independent results about the arising of the boson

The first terms leading to this equation are illustrated in Fig.peak and the broadening of the Brillouin peak. These results
2. It is most important that this resummation is compatibleare expressed in form of scaling laws, whose exponents are
with Eq. (13). An asymptotic model-independent analysis of predicted in this approximation. As the scaling laws obtained
this equation will be presented in the next section, whiledo not depend on the details of the interaction, we claim that
numerical results for a simple model will be given in Sec. IV. they are a genera] feature of topo|ogica||y disordered sys-

Let us remark that the self-energy renormalizes the distems. It cannot be excluded, however, that the values of the
persion relations and gives a finite width to the Brillouin exponents depend on the approximation chosen. Simulations
peaks and experiments will allow to clarify this point.

wE,T(p):(C’)E,T)Z(p)_I'ReEL,T(p1wL,T(p))v Recalling Eq.(4), the VDOS can be obtained from

(34 :_2_“’| G*(w2+i0" 36
I r(p)=Im2X 1(p,o,1(p)/w1(p). 9(w) T mG*(w+i07), (36
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setting in our equationz=w?+i0", where G*(2) of the approximation, and as we shall see later the complete

=lim,_.. G(p,2). theory yields a shape more similar to that found in real sys-
In order to obtain the quantit¢s”(z), one has to solve tems.
the integral equatioi33) in the p— o limit By reintroducing in an approximate way the missing
term of (37), we are able to study the region of the small
=z—pf(0)—pAG°°(z) frequencies. To do so, we replace the resolvent in the last
G*(2) integral with the bare resolvent, obtaining for small
3 52
d3q - f d*q -, 2 s B f%0)
_ 2 f G(g,w+i0")=———| w, (38
pf (277)3f (9)G(q,2), (37) (2m)° (a)G(q ) PR (39
where G*(2), A=(27) 3 d%qf2(q), and the last term where
(given by the integral of the product of two anisotropic ma- 1 1 2

cLr=V—pf{ 1(0)/2, (39

trices in the above equation are matrices proportional to the

3 33 33
. . . . P . L c®> 3¢ 3ct
identity, since in the infinite momentum limit everything is

isotropic. 1 [1 = f2

In order to deal analytically with37), the crudest ap- B=— §f dqqZ,fo—
proximation is to neglect the last term, in which case it be- 2m 0 L(O)=fula)
comes quadratic i6*(z), and one easily finds a semicircu- f%

. (40)

2 o
lar VDOS, with center atw=pf(0) and radius 2pA. +§f dqof—r——
Clearly enough, this approximation misses completely the 0 f7(0)=fr(a)
low-frequency part and is not suitable to describe thdn the imaginary part of Eq38) the dispersion relations are
phonons. It rather describes the nonpropagating but extendegsumed linedi.e., pf,_,T(O)—pr,T(q)%cf]qu] since we
modes at higher frequenciéglassons Though the glassons are interested in smadb and hence smadj. Substituting this
are qualitatively taken into account by this approximation,in Eq. (37), we obtain a quadratic equation f@”(w?
the semicircular shape of this part of the VDOS is an artifact+i0*) that gives

G™(w?+i07)=[(w2—pf(0)+B)+ipf2(0)w/(4mc3) — (02— pf(0)+B)+ipf3(0)w/(4mcd))2—4pA] zpiA. (41)

In order to study the boson peak, we shall focus in the smallThe value of the exponent of course could depend on the
frequencies regime. It will be very illuminating to consider cactus approximation and is highly reminiscent of mean-field
the case where the VDOS changes because of changes in tiieories. Most interestingly, the boson peak arises, in the
density. However, the mechanism explaining the arising oktable phase, as a signature of the phase transition. In fact, by
the BP is much more general and can be applied even to theettingA=(p—p.) and expanding for smal
case where the density is kept fixed and other thermOdy-—|mGw((u2+iO+)0€|m\/m
namic parameters vary.

Let us consider first the high density limit, i.e., the situ- g(w)~o®? i olo*>alA
ation where the first term under the square root is much = 9(w)* w2l Jah if wlo*<al,
larger than the second. The resolvent becomes (43)

pfz(O)w -t where « is a positive constant an@* =2A/p.. Hence,
T3 | (42 there exists a frequency that signals a crossover from a De-
bye behavior to a different kind, namelf w) ~w?, y=3/2.

and from Eq.(36) one gets exactly Debye's lag(w)  We identify the boson peak with such frequency, i@gp
= w?/(2m?pc®), in the w—0 limit. =aAw*.

By decreasing the density we easily show that in Eq.  From the experimental point of view, this implies that
(41), due to the square root ter®,”(0) develops an imagi- the BP is indicated from a peak in the functigfw)/w?m,
nary part wherp<p., wherep, is fixed by B— p.f(0))? not in g(w). The BP frequency moves toward 0 when ap-
=4p.A. We claim that this can be interpreted as a phaseroaching the transitioffrom the stable sideand its height
transition in the space of the eigenvalues of the Hessiadiverges. Equatior{4) shows that at the level of the one-
matrix driven by the value of the density. The two phasegphonon approximation it can also be detected in phex
separated from such a phase transition are the stable phdgait of the dynamic structure factd®(p,w).
(all positive eigenvalugsand the unstable phasgega- As stated above, the control parameter need not be the
tive and positive eigenvalups The order parameter is density. For example, by fixing the density and letting the
¢=—ImG*(i0"), which vanishes ag~|A|?, with B=1/2.  sound speed vary, we find that

G™(w?+i0")=| w?—pf(0)+B+i
mC
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oxIm \/(B—pf(O))2—4pA. (44) phonons §2).%° Also, at w, a crossover in the dispersion

) relations takes plac® from linear atw<w, to power law,

If the equation B(c) — pf(0)]?=4pA(c) has a solution for another crucial difference from our case.
somec=c,, then we have a transition controlled byNow, Let us conclude this section with a similar asymptotic
A=c—c, and once agaip=a'|A|# with B=1/2. analysis of the scaling behavior of the linewidii{p) of

Since the quantitieg, B, andf(0) depend on the ther- Brillouin peaks. Interestingly enough, it changes at the
modynamic parameters, in principle each of them could besaddle—phonon transition. From the analytic point of view,
chosen as a control parameter to describe this phase trangiie longitudinal and transverdgp) are given by the corre-
tion. However, one parametéhe potential energyseems to  sponding imaginary part of the self-energy computed at the
be more physically meaningful than the others when the enposition g of the peak. In both cases the leading contribu-
ergy landscape approach to the glass transition is taken intton in the limit of small momenta is obtained by considering
account. It has been shown indeed in numerical simulationthe largeq contribution in the integral of Eq.33)
that the typical stationary point of the Hamiltonian closest to
equilibrium configurations is a saddle above the mode-
coupling temperature and a minimum beléwHence, Eq.
(37) describegin an approximate waythis phase transition
in the space of all stationary pointsaddle and minima
This we shall call thesaddle-phonon transition

Since the number of eigenvalues of a stationary point  T'| (p)~g(w)p? w?~p2. (48)
depends only on its enerdin the thermodynamic limjt> it

mg9(w) [ d’q
2w (2m)3

In the stable phase the Debye regimg &)~ w?) at low
enough frequenciesu< wgp) implies

Im3(p,w)=— V4(q,p). (47)

| il rol trol ter in the stud fthThis is the asymptotic result both in the longitudinal and the
plays a special role as a control parameter in the Study ot thg, sy ersal case, but in practice one should be very careful

bospn peak. Stat"?“afy pow_(tand their en_erg)y tho_ugh, art - when fitting the experimental results with the above law. In
easily accessible in simulations but not in experiments. It i$act when approaching the transition from the stable phase
thus better to formulate the scaling laws arising from thethe ,boson peak frequeneysp shifts to zero and the Brillouin '
theory without any reference to the parameter chosen. Wseak might fall in the region wherg(w) w2, yielding a
then recast Eq43) as flattening of the scaling lawthe exponent would be 3/2 in-

X277 x<1 stead of 2. Moreover, a crossover frop? to ap* behavior

g(w,A)=w’h(wA™?), h(x)~ const. x>1 (45 in the region where the dispersion relation is still linear can-
' ' not be ruled out. In general, both tipg and p* terms are

with A defined in terms of an arbitrary control parameter.present, and their relative weights depend on the thermody-
Since the boson peak signals a crossover between the twamic parameter$:”

phases, this scaling law implies thabgp~A" and In the unstable phase, instead one §6s) ~ w, due to
g(pr,A)/w§p~A"’, with the fact that InG*(0)#0 and to Eq.36), then the broaden-
——— 4 N9 becomes
'l ~p. (49

Since the result is model independent, this law is expected to

hold very generally, and in the next section we will checkThis theoretical result is very suggestive because the possi-

that numerically in a simplified model. The ERMin the  bility arises of investigating the saddle—phonon transition

cactus approximationpredicts v=1, y=3/2, »=1/2. Nu-  through measurements of the Brillouin peak.

merical results on a fragile glass former have already turned We stress that the results of this section are model inde-

out to be in a reasonable agreement with such scaling3aws.pendent. In the next section we will test them in the simplest
Let us note that superficially similar results have beencase, the Gaussian model.

obtained for the VDOS of random fractal networRs®In a

percolating network, for instance, it is found that the VDOS

crosses over from a Debye? law at low frequencies to a V. NUMERICAL RESULTS FOR A GAUSSIAN MODEL

" behavior above some characteristic frequengy(frac-

tion regime. . tends to O as the percolation threshold is

approached, and in some theoretical formulations a scalin

law has been predicted for the crossolfeHowever, these

results are significantly different from ours. Apart from the

difference in the exponents of the non-Debye regifik3 A . .

versus our 3/g the physical origin of the crossover is quite proxu_nanon involved(cactus resummatignThe model is

dissimilar. In percolation networks it is not due to a mechani-descrIbGd by

cal instability transition(which is not present in those sys- R R PP, - PP,

tems, but to the fact that the network changes character ata f,.(p)=f_(p) #2 +f+(p) 5M,,—M—2 ,

characteristic length scafg . At length scalea shorter than P P

ép the network is fractal, diffusion is anomalous, and the 2.\ 32

vibrational modes are fractionso{®), while for \>¢&, it is fL‘T(p)z(—2> exp(— p%20? 7).

homogeneous, diffusion is normal, and the modes are

Here, we solve numerically the cactus equation for the
ase wheref(p) has a Gaussian form and compare with
girect numerical results for the same model. This will con-
firm that the saddle—phonon transition described by the Eu-

clidean random matrix theory is not an artifact of the ap-

(50
)
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0 ] 10 15 20 FIG. 4. Top: The density of states for our ERM model in the unstable phase
p/Po (p=0.2), as obtained numerically from the method of moments. This nu-

merical method allows us to build the density of states of a large matrix
FIG. 3. Top: The Fourier transforrflongitudinal and transverse compo- (here, the Hessian of = 10° particle systemby a sum of delta functions.
nent$ of g(r)d,,,v(r) (g(r) is the radial distribution function and, v (r) The width of these is responsible for the oscillations in the resulting VDOS
is the second derivative of the pair potentias obtained from a simulation that should vanish once one averages over a large number of samgpiss.
of a soft-sphere system dt=16. The Gaussian fitGlso shown as solid the saturation frequency for high values of momenta in the dispersion rela-
lines) are made in the small momentum region, and the ratio of two vari-tion. Bottom: The INM spectrum as arising from a simulation of a soft-
ances(which is in our model the square of the ratio of the longitudinal and sphere system dfl=2048 particles aT =0.68, i.e., in the liquid phase. We
transverse sound speeis =2. This is the value we fixed in the Amodel. average here oved(10%) samples, so there are not large oscillations in the
Bottom: The bare dispersion relationgsee the tejt wE,T(p) =p[f(0) VDOS. As beforew is the frequency corresponding to the saturation of the
_f(p)]l/z corresponding to this system. They saturate at the same value bgtispersion relation. In both cases the density of states for imaginary frequen-
the asymptotic behavior is reached for values of the momenta greater tha#es is plotted in the negative real axiss(— — ), as usual.
the ones studied in experiments.

tion of Eq. (33), which is actually two(coupled equations
A for the longitudinal and transverse parts of the resolvent,
This choice forf(p) is mainly due to its simplicity. requires some work. It can be solved by iteration at fixed
However, we have shown that many features, ranging fronfong as one can do the three-dimensional integral sufficiently
the behavior of the boson peak close to the saddle—phonggst. To do so, we write the equations as convolutions by
transition to the width of the Brillouin peak in the stable and expanding the verteX/(q,p): this gives four terms, which
unstable phases are independent of the details of the modelan pe evaluated with two convolutions. These can be calcu-
Hence, we expect the Gaussian model to be as good as apted very efficiently using the fast Fourier transfo(@FT),
other to study such features. Moreover, as we discussed gk |ong as the functions are sufficiently smooth. Since this is
the end of Sec. I, the superposition approximation amountgot the case, the resolvent must be separated into a regular
to takingf ,,(p) = A 9g(r)v,,(r)], meaning that, (p) are  part which tends to zero at infinity, and a part which is qua-
finite at p=0. Thus, a Gaussian approximation fiip) at
low enough momenta is always possible. As an example, in

Fig. 3 (top) we show the longitudinal and transverse compo- 0.008 - " mumerical ¢
nents of the Fourier transform af(r)v,,(r) for a soft 0.5 analytical
sphere systerfi.e., a one-component liquid with pair poten- 0.007 T

tial v(r)=r 13 and the comparison with a Gaussian fit. The 0.006

fit gives or=20 (hereafter we shall fixo to oy, the o oo0s |

length scale of the problemWe can check that the Gaussian 3~

model is able to reproduce the qualitative behavior of a real 3 0.004

system by looking at Fig. 4, where it is shown that the den- © 0.003

sity of states of a Gaussian Euclidean random matrix looks

qualitatively like the INM spectrum of a liquid. Thus, a 0.002

Gaussian model is not an outrageous approximation. 0.001

We shall consider various values of the density, which is
here a possible control parameter, comparing the analytical
(cactug results with the numerical spectra and dynamic w/wy
structure factor obtained from the method of moméhts. _ _ o
This method allows one to obtain the density of states angIG. 5. The VDOSg(w) as a function of eigenfrequencies divided by the
predicted Debye behavias? for p=4>p.. In the inset, we show(@) vs

the dynami(? structure factor of a givéthX N matrix_up 0, both numerical(obtained via the method of momentand analytical
N= O(lOG) in a reasonable CPU time. The numerical solu-[from the numerical solution of the cactus equati@8)].
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FIG. 6. The longitudinaltop) and transverse dynamic structure factor in the Debye behavior rather accurately. The large peak at high
high-density(stable region for three values of exchanged momenta. Thefrequency arises from a pileup of states due to the flattening

comparison between analytidalolid line) and numericaldashed lingdata . . . s i
shows that there is some difference, especially for small values of momenta(l).f the dispersion relations. Those excitations are the non

The range of frequencies is in the Debye regifsee Fig. 5. propagating glassons described by the high-frequency limit
of Eq. (37). In a way, the peak can be considered as the
off-lattice analogous of the van Hove singularity, the main

sisingular and has a finite limit. After the convolution of this difference being that density fluctuations smooth the cusp,

part is worked out analytically, the remaining convolutionsgiving it rather a semicircular form. Finally, let us note that
can be done using FFT. In this way, each iteration takes ¢he analytical solution misses the high-frequency tail of the
time O(N logN), and an iterative scheme can be reasonablyvyDOS. These modes are expected to appear in a number

implemented. which is exponential irp, and thus cannot be recovered in a

1/p expansion.

In Fig. 6 we plot the longitudinal and transverse compo-

In the high density regime we are in the phonon or stablenents of the dynamic structure factor for three valuep.of
phase, since all the eigenvalues are positive. Figure 5 showishe agreement between numerical and analytical solutions is
the VDOS, and its Debye behavior ?) for small frequen-  better at the higher values @f though the position of the
cies. In this regime the approximations used in deriving theBrillouin peak is correctly reproduced at gl Since the
integral equatior{37) are quite good since the analytic solu- peaks are well defined, we are allowed to study the disper-
tion reproduces the numerical spectr(end in particular the sion relations as well as the linewidihas a function ofp.

A. p=>p.: The stable phase (phonons )

>
=3
5N

~ODDD
R Co O\ i ko

TDDTD
oo

FIG. 8. (a) The spectrum of the Gaussian ERM as ob-
tained numerically with method of moments for several
values of the density, below and above the critical

density p.=0.54. All values of the densities are given

0 5 1015 20 25 30 35 40 45

/\//\0 in units ofo-g3 [see Eq(50)]. (b) Same data, a zoom of

0.40 the interesting region neax=0. The value ofg(0)

0‘35 I (cl) ' p=054 | grows on lowering the densityc) Plot of g(w)/w? vs

neh g:gg X o for densitiesp=p,. The Boson peak is defined as a
- 030 1 i p=08 o peak in this plot; we see that a BP appears on lowering
Rl IR p=09 = 7 the density(d) The VDOS as a function of redposi-
3 %% tive axis and imaginary frequenciggegative axis
= 015

0.10

0.05

0.00

w/wp
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FIG. 9. Data taken from numerig¢method of momenjs The critical den-
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fitting parameters(a) The position of boson peak is plotted as a function of
the density near the critical point. We find thagp vanishes linearly im\
=p—p.. (b) The fraction of unstable modes vanishes as—(p)2®, thus
giving a valuey=3/2. (c) The height of the BP, defined by(wgp)/ w3p,
diverges a\ ~ 7, with »=1/2.(d) The order parametes= —Im G”(0) (see
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They are obtained by fitting the peaks wi®(p,w)

<ot 1(P)TL1(P)/[(w?= wf 1(p))?+ w’TT 1(p)], follow-
ing the experimental procedut&Vhile the agreement about
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agreement with the asymptotic theoretical predictibn

~ p?. Furthermore, the scaling seems to be independent from
the longitudinal or transverse nature of the excitations. How-
ever, it cannot be ruled out from our data the possibility that
a crossover betweas? andp is verified before saturating at
the limiting value. See Fig. 7.

B. p=p.: Near the transition

In Fig. 8 we show the spectrum of Gaussian matriges
terms of eigenvalues as well as frequencasobtained from
the method of moments for several values of the density near
the critical one, which turns out to he.=0.54. If we lower
the density we enter the unstable region and this is revealed
by the appearance of an extensive fraction of unstable modes
(imaginary frequencigs A BP appears near the transition
point in the low-frequency region.

We now obtain the exponents of the transitigfig. 9.
Figures 9a) and 9c) show that the position of the BP is
linear with respect tddA=(p—p.) and that the height of BP
diverges as\ ~Y2 This confirms the theoretical predictions
v=1 and#n=1/2. In Fig. 9b) we determine the value of by
studying the fraction of unstable modes. Indeed, from Eq.
(43), in the region of parameters such thatp., we can
argue that the VDOS behaves@sv) = w”g(w/|A]), where
g(x) is a scaling function ang=3/2. The fraction of un-
stable modes is defined &s=/°..g,(\)d\. We thus have
that

the numeric and analytic dispersion relations is striking, o

there remains some discrepancy in the linewidth, especially  fu(A)= JO do 0”g(w/|A])~[A[**7. (51)
at the lower momenta of the longitudinal case. It is worth-

while to note that both dispersion relations saturate at th&Ve find f,~(p.—p)®? i.e., y=3/2. Finally, the order pa-
same value at very large momenta, though they can be vergmetere vanishes asgd.—p)? with g=1/2 [Fig. 9(d)].

different in the regime which is presently explored by simu-
lations and experimentspgy~1). Interestingly enough,

The phase transition is also found by the numerical so-
lution of the integral equatiofEqg. (33)], as one can see from

both relations coincide with the bare dispersion relationFig. 10. Actually, this solution does not give the spectrum
wo(p) of Eq.(18), the renormalization due to the self-energy very accurateljone can still discern the semicircle centered
in (34) seeming negligible. As for the linewidth, the numeric in w~ pf(0) rather separated from the rest of the spectrum,
and analytic (integral equation results are in reasonable while we have seen that they mix at low enough density—

0.1 T T T
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FIG. 10. Top: The density of eigenvalues obtained from
the numerical solution of E433) at fixedc, /cy=2 for
several values of the densigy The transition from a
stable phase to an unstable phase is clear since an ex-
tensive number of negative eigenvalues appears. Bot-
tom: The transition can be seen also by plotting the
spectra as a function of the frequencies, with the un-
stable modesi.e., imaginary frequenci¢®n the nega-

tive real axis.
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reliable to study also the saddle phase. In fact, our finding of

Brillouin peaks even when negative eigenvalues are present
is consistent with the fact that in real systems Brillouin peaks

related to the high-frequency sound are found even well

above the mode-coupling temperattrehich corresponds to

the saddle—phonon transition.

0.020 2 Furthermore it is worthwhile to notice that, as predicted
& oois b o p | from the analytic asymptotic analysis, the saddle—phonon
' “ transition produces a change in the linewidth scaling. In Fig.
App)” p g g g
aoio b | 13 we show that from the integral equation one detp)
' ~p. It would be very important to confirm this result in
0.005 - i simulations of realistic models or, better, in experiments. Fi-
nally, at fixed momentum, the scaling lawg~ p/? for the
0.000 : : : : : : : . position of the peak, anfi~p~* for its width remain un-
08 10 l2 14 16 L& 20 22 24 changed across the transitigfig. 12).
p

FIG. 11. The order parameter= —Im G”(E=0) [here obtained from the
numerical solution of the self-consistent equati88)] behaves as g
—po)?, with 8=1/2, as predicted by the asymptotic analysis of the equation.

In the inset, we show that the fraction of unstable modes vanishes at thB. The sound velocity as a control parameter
transition as a power law with the exponent 1=5/2.

Finally, we look at the instability transition as driven by

the speed of sound. In the Gaussian case, we can Write
Fig. 8] and it overestimates the critical density?"™' =a/c®, B=h/c? wherea andb do not contairc. Using this
=1.98>p"™" In Fig. 11 we check that the order param- in Eq. (44), one finds that there is a transition at a critical
eter vanishes with the correct expongdt1/2, and also for  sound velocity fixed by the condition
the fraction of unstable modes. It is interesting that these ~
exponents are also found for a larger class of nearly Gaussian (b—pcgf(O))2=4pac§.
matrices, corresponding to function$(p)<exp(—p*(1
+ap™/20?).

C. p<p.: The unstable phase (saddles)

(52

Sincecx (1+2(c, /cy) %) Y this is determined by the ra-
tio between longitudinal and transverse sound velocities, i.e.,
by the anisotropy. We thus have studied our ensemble of
From the results of the integral equations, we show inGaussian matrices at a fixed dengityl as a function of the
Figs. 12 and 13 that the Brillouin peaks still exist in the ratioc, /cy. The control parameter is now=(c—c.), and
unstable phasébelow p.). The main difference with the we find thatc.~0.58. In Fig. 14 we see that a BP appears on
stable phase is the peak aroumd-0, due to the negative approaching the critical value, which signals the transition to
eigenvalues. Of course, since ERMT is a purely harmoni@ region with an extensive number of negative eigenvalues.
theory, it is expected to describe correctly only frequenciedmigure 15 shows that the critical exponents are the same as
much greater than the inverse of théstructura) relaxation  when the density is the control parameter. This confirms the
time r,. So, as long as7,>1, our computation should be universal character of the phase transition discussed before.
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FIG. 13. The structure factor in the unstable phase, from the solution of Eq,

(33), shows Brillouin peakgleft); the dispersion relatioftop right obtained
from these peaks is similar to that in the stable phase. The linewidth scalin
however, is changed t6~p (bottom righj.

V. CONCLUSIONS
In this work we have extended ERM theory to the physi-

cal case in which both longitudinal and transverse vibrations

are present. Even if the model is exceedingly sim(blar-
monic vibrations around fully disordered oscillations cen
ters it accounts for the main features of the high-frequenc

peak in this model. In thetable phase, the model displays
the essential phenomenology of vibrations in glasses, as r
vealed by dynamic scattering experiments.
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FIG. 14. Data obtained from the solution of E§3). At fixed densityp=1,
the VDOS (evaluated from the integral equatjodepends on the ratio be-

tween longitudinal and transverse sound velocity in the low-energy region

This is exactly the same as varying the value of the sound speed, since
w(1+2(c fer) %) 7YR

Y2
vibrational spectrum of real glasses and supercooled liquids.
It has a transition between a stable and an unstable phase,

which is the mechanism behind the appearance of a boson

@

FIG. 15. At fixed densityfp=1 herg the transition is driven by the speed of

gsound, and the order parameter vanishes as a square root. In the inset we

show that the fraction of unstable modes vanishesas()2®, as predicted
by ERMT. The data are obtained from the numerical solution of the cactus
equation.

(1) The low-energy excitations can be considered as
phonons, in the sense that they have a well-defined wave
number and that a Debye density of states is found
[9(w)=w?].

The scattering of sound waves is stronger than in disor-
dered crystalline systems: the linewidth scales IjiKke
even in the harmonic approximatipand there is a sig-
nificant mixing among longitudinal and transversal exci-
tations.

An excess of states is fourtih the stable phas¢hat can

be described with scaling laws and critical exponents.
We propose to identify this spectral feature with the bo-
son peak of supercooled liquids and glasses, implying
that our scaling laws should apply to experimental spec-
tra.

The phase transition from the stable to the saddle phase
is controlled in this model by the density. It is remarkable
that numerical simulatio$ of supercooled liquids have
strongly suggested that such a geometric phase transition oc-
curs in the potential energy of glass-forming liquids, and is
responsible for the steep slowdown at the mode-coupling
temperature. Our model is fully consistent with this picture,
and predicts that the boson peak should become a divergence
precisely at the transitiofand hence at the mode-coupling
temperaturg By connecting to an experimentally accessible
feature it thus opens a way for experimental investigation of
the geometric picture of the glass transition. It is also inter-
esting to note that, according to our calculation, the scatter-
ing of sound waves is stronger in the unstable phase. To be
precise, the(harmonig linewidth is found to bel(p)
~g(w)p?/w?, so that in a liquid phase, wheg w)~ o,
one hadl'(p)xp rather tharp?.

We have studied our model using a high-density expan-
sion, and we have compared it with extensive numerical
simulations. As one could expect, the comparison is rather
good at high density, in the phase where the system is stable.
On the numerical side, we have been able to study in detail
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the vibrational spectrum in the neighborhood of the phonon-gion of the VDQOS, and that both structure factors tend to the
saddle transition. Indeed, previous liquid simulatiSiéhad ~ VDOS for p— . This, strictly speaking, precludes the iden-
been carried out in very small systems where low-frequencytification of BP modes as those belonging to the end of the
long-wavelength excitations were not present, and our previtransverse branchHowever, since the dispersion relations
ously studied scalar model did not even have a phonon-€an reach the limiting value in very different ways, for inter-
saddle transition. The present approximation overestimatemediate values op (those presently studied in simulations
the critical value of the density by a factor of 4, a tremendoughey can be very different and may seem to saturate at dif-
improvement over the calculation for the scalar case, whererent values. As an example, in Fig(l8ottom we plot the

an inexistent transition was found due to the approximationsbare longitudinal and transverse dispersion relations of a
Since we are dealing with a high-density approximation, it ismonoatomic soft-sphere liquid. Assuntas is the case for
not surprising to find significant differences with the numeri-the Gaussian modethat they are not significantly altered by
cal calculations at low densities. Nevertheless, universal feadigher order terms. Then, we see that the longitudinal branch
tures like scaling laws and critical exponents are captureghows larger fluctuations around the limiting value than the
correctly, as the comparison with the numerical simulatiorfransverse one and that they become similar only at very
shows(surprisingly, even the oversimplified scalar model didlarge momenta. But, at these valuespadcattering between
capture the value of exponeptdn any case, considering the two branches is so large that the question of the longitu-
transverse modes is a necessary step towards a quantitati§@al or transversal nature of a given mode is rather ill-
theory of glass vibrations. In fact, in systems with purelyposed. In any case, to better assess the role of the different
repulsive potentials(like our Gaussian model, or soft modes in more complex material, a model including optical
spheresit is vector displacements that permit the rising of branches is needed. Thus, we plan to investigate a binary
an instability, which would be otherwise absent. For themodel in the near future, as well as to consider more realistic
Gaussian model, we have indeed verified that the instabilitjnteractions within the same formalism, along the lines dis-
transition can also occur controlled by the ratio of the soundfussed at the end of Sec. II.

velocities, and that the scaling laws apply as well with this
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