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Flocking systems are known to be strongly out of equilibrium. Energy input occurs at the individual level
to ensure self-propulsion, and the individual motility, in turn, contributes to ordering, enhancing information
propagation and strengthening collective motion. However, even beyond ordering, a crucial feature of natural
aggregations is response. How, then, do off-equilibrium features affect the response of the system? In this work,
we consider a minimal model of flocking and investigate response behavior under directional perturbations. We
show that equilibrium dynamical fluctuation-dissipation relations between response and correlations are violated,
both at the local and at the global levels. The amount of violation peaks at the ordering transition, exactly as for
the entropy production rate. Entropy is always produced locally and connected to the local fluctuation-dissipation
violation via Harada-Sasa relationships. However, cooperative mechanisms close to the transition spread off-
equilibrium effects to the whole system, producing an out-of-equilibrium response on the global scale. Our
findings elucidate the role of activity and interactions in the cost repartition of collective behavior and explain
what is observed in experiments on natural living groups.

DOI: 10.1103/dg4n-1f4f

Introduction. Collective motion in living systems has been
observed on different scales and regimes, from swimming
bacteria and cell colonies to insect swarms and bird flocks [1].
From the perspective of statistical physics, these phenomena
represent paradigmatic instances of nonequilibrium emergent
behavior and they have been intensively studied in the context
of active matter [2–4]. Broadly speaking, a flock has the fol-
lowing distinctive features: individuals are ‘active’, i.e., they
are endowed with a self-propulsion mechanism transforming
energy into motion, and they coordinate with each other via
short-range interaction rules. The combination of motility and
interactions leads to a nontrivial phenomenology comprising
kinetic ordering transitions, novel classes of critical behavior
and motility induced phase separation [5–8].

The impact of activity on order has been investigated at
length [5,9,10]. On the other hand, much less is known on
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how nonequilibrium features affect the response of the sys-
tem to perturbations. Response is a key trait for survival in
living aggregations. Even more than order itself, it provides
a bona fide signature of collective behavior, by quantifying
the ability to retain global coherence in presence of external
signals or threats. In this work, we systematically address
this question. We consider an archetypal model of flock-
ing and compute analytically and numerically the response
function. We show that equilibrium dynamical fluctuation-
dissipation relations between response and correlations are
violated on all timescales, and we quantify the corresponding
deviation across the phase diagram and across scales. Finally,
we elucidate how interactions and motility affect the response,
suggesting potential strategies for collective adaptation.

The model. We consider a continuous time generalization
of the Vicsek model of flocking [5,11] where N self-propelled
particles regulate their own speed using a speed control poten-
tial, and interact locally via velocity alignment [12,13]. The
equations of motion are

dvi

dt
= −∂H

∂vi
+ ξi,

dri

dt
= vi , (1)

where ξi is a white noise with variance 〈ξiα (t )ξ jβ (t ′)〉 =
2T δi jδαβδ(t − t ′), the ‘temperature’ T thereby describing the
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strength of the stochastic force. The velocity potential H reads

H = J

2

∑
i j

ni j (vi − v j )
2 + g

2

∑
i

(|vi| − v0)2 . (2)

The first term in this expression describes mutual adjustment
between velocity vectors, J being the scale of the interaction
and ni j (t ) the adjacency matrix. In the following, we will
adopt a metric interaction rule, thereby, ni j (t ) = 1 if parti-
cles i and j at time t have mutual distance smaller than
a fixed range r0 = 1, and ni j (t ) = 0 otherwise. The second
term in Eq. (2) is the speed control, setting the individual
speeds close to a cruising reference value v0, with fluctuations
regulated by the parameter g [14]. With decreasing noise
strength, model (1) exhibits a kinetic ordering transition to
a state of collective motion, where the mean group velocity
V = (1/N )

∑
i vi and the global degree of alignment—the po-

larization � = (1/N )
∑

i vi/|vi|—are different from zero (see
Sec. I of the Supplemental Material (SM) [15]). The observed
phenomenology belongs to the class of the Vicsek model [5].
However, we consider a continuous (rather than discrete) time
evolution and fluctuating (rather than fixed) speeds. These
features, besides being biologically more realistic, are greatly
advantageous for analytic computations. As g → ∞ the speed
control becomes a sharp constraint, mimicking the fixed speed
case.

Response functions and fluctuation-dissipation relations.
Our aim is to investigate response behavior, and to understand
how it relates to ordering and to the out-of-equilibrium fea-
tures of the model. Response to specific factors in the ordered
phase has been considered in [16–18]. Here, we wish to per-
form a systematic study under more general conditions. To do
so, we consider a perturbation protocol where external fields
are applied to the individual velocities, i.e., H → H − ∑

i hi ·
vi [7,19–21]. The linear response functions can be defined
in the usual way as Rαβ

i j (t, s) = δ〈vα
i (t )〉h/δhβ

j (s)|h=0 [22]. In
equilibrium systems, such response functions are related to
the velocity correlation functions Cαβ

i j (t, s) = 〈vα
i (t )vβ

j (s)〉 by
the dynamical Fluctuation Dissipation Theorem (FDT) [23].
However, model (1) is intrinsically out of equilibrium due to
the active nature of the particles, and we expect violations of
such relationships. In the stationary state all functions depend
on time differences. For the diagonal spatial components (the
only ones that, for symmetry reasons, are nonzero in our case),
we can then write (for t > s)

T Rαα
i j (t − s) = −dCαα

i j (t − s)

dt
− dαα

i j (t − s), (3)

where dαα
i j measures the deviation from equilibrium.

In general, computing the full response tensor is a de-
manding task, as one needs to apply local fields and monitor
reactions for all pairs of individuals. On the contrary,
global responses are more easily accessible and statisti-
cally more reliable. Let us then consider the simpler setup
where we apply a uniform field hα

i (t ) = hα (t ) on the sys-
tem and we measure how the global mean velocity V is
affected by the perturbation. In this case, the global lin-
ear response is given by Rαα (t − s) = δ〈Vα (t )〉/δhα (s)|h=0 =

(1/N )
∑

i j Rαα
i j (t − s), and the analog of Eq. (3) is

T Rαα (t − s) = −dCαα (t − s)

dt
− dαα (t − s) , (4)

with Cαα (t − s) = N〈Vα (t )Vα (s)〉 and dαα (t − s) = (1/N )∑
i j dαα

i j (t − s).
Interestingly, for Langevin dynamics the response func-

tions can be explicitly computed starting from the equations of
motion. To this task, it is convenient to introduce the Onsager-
Machlup action [24] S[{vi, ri}], defined by

P[{vi(t ), ri(t )}]

= 1

N exp {−S[{vi(t ), ri(t )}]}

=
〈
δ

(
vi(t ) − vi(0) −

∫ t

0
dt ′ [−∂H/∂vi + ξi(t

′)]
)〉

,

(5)

where averages are performed over the trajectory realizations.
In terms of the action S, the response functions can be written
as Rαα

i j (t, s) = −〈vα
i (t ) δS/δhα

j (s)〉|h=0. From Eq. (5) we get

S = (1/4T )
∑

i,α

∫ t
0 dt ′ (v̇α

i (t ′) + ∂H/∂vα
i (t ′))2. Then, using

standard techniques of stochastic calculus [22,25,26], one
finds for t > s (Sec. II of the SM [15]):

dαα = gNv0

2
[〈Vα (t )�α (s)〉 − 〈Vα (s)�α (t )〉] . (6)

The deviation (6) has the time anti-symmetric form obtained
in general for nonequilibrium Langevin equations (where it
is called asymmetry [27,28]). Interestingly, in our case, it is
expressed in terms of a particularly simple and accessible
observable: the correlation between velocity and polarization,
computed in zero field. Equation (6), therefore, allows to pre-
cisely quantify the FDT violation and to compute the response
[via Eq. (4)] without actually perturbing the system.

FDT violations across the phase diagram. We now proceed
to compute numerically the response functions and the devi-
ations from equilibrium, and monitor them across the phase
diagram of the model. We use a discretized version of Eq. (1)
in d = 3, following a standard Euler integration scheme and
working at fixed density ρ = N/L3. We focus initially on
checking the validity of Eq. (6). To do so, we compute the
response in two ways, either perturbing the system or using
Eqs. (4) and (6) in absence of perturbation. In fact, it is
numerically more convenient to look at the integrated version
of Eq. (4), i.e., T χαα (t ) = [Cαα (0) − Cαα (t )] − Dαα (t ), where
χαα (t ) = ∫ t

0 dτRαα (τ ) is the integrated response [25] and
Dαα (t ) = ∫ t

0 dτdαα (τ ). For T > Tc all coordinates α are sta-
tistically equivalent; for T < Tc we consider the longitudinal
component, i.e., we choose α as the direction of the polariza-
tion (see SM, Sec.I for details). The result is displayed in the
inset of Fig. 1(b), where we can clearly see that the response
curves obtained in the two ways coincide within statistical
fluctuations. Once convinced that we can trust Eq. (6), we can
then exploit this expression to compute the deviation function,
and therefore the response, without actually perturbing the
system. The deviation function d (t ) is displayed in Fig. 1(a)
for several values of the temperature (we drop the coordinate
index for notation convenience). In general, d (t ) shows a
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(a) (b)

(c) (d)

FIG. 1. FDT Violation. (a) Deviation d (t ) as a function of time
for different temperatures. (b) Integrated response vs correlation for
different temperatures; both quantities are normalized by C(t = 0)
and the black line corresponds to equilibrium. Inset: integrated re-
sponse computed by perturbing the system (red) or by using Eqs. (6)
and (4) (yellow), for T = 15. (c) Maximum of the deviation func-
tion dmax as a function of temperature. Inset: dmax as a function of
g. (d) Asymptotic off-equilibrium offset Teff (∞)/T − 1 as a func-
tion of temperature. The parameters of the simulation are J = 1.5,

v0 = 4, g = 4, ρ = 0.25, N = 512, with temperatures described by
the color bar and Tc = 10 (light green).

first quick increase on short timescales towards a maximum,
and a slower decay to zero at longer times. We immediately
notice that the violation is larger and more extended in time
as the temperature approaches the critical value Tc of the
kinetic transition. A different way—which is standard in the
literature—to capture out-of-equilibrium behavior is to plot
the integrated response parametrically as a function of the cor-
relation function [29]. In equilibrium dynamics the expected
behavior is a straight line with slope given by (minus) the
inverse temperature. On the contrary, as shown in Fig. 1(b), in
our model the curves clearly depart from the equilibrium one,
and such departure looks more pronounced close to criticality,
consistently with Fig. 1(a).

To better investigate the role of temperature, we now
introduce two synthetic quantifiers of the departure from equi-
librium. As a first measure, we consider the maximum dmax of
the deviation function d (t ), which occurs on short timescales.
In Fig. 1(c) dmax is plotted as a function of temperature, and
it displays a sharp maximum at the transition temperature. In
the inset, we also show dmax(Tc) as a function of g: it quickly
converges to a well-defined g → ∞ asymptotic value, show-
ing that equilibrium violations persist and are well-captured
also in the fixed speed limit (see Sec. V of the SM for more
discussion).

Another quantity that is widely used in the litera-
ture to quantify FDT violations is the so-called effective
temperature [25,30,31], defined as the ratio between the
correlation and the integrated response Teff (t ) = (C(0) −
C(t ))/χ (t ) [32]. In Fig. 1(d), we display the asymptotic value
(Teff (t → ∞) − T )/T (which is zero at equilibrium) as a
function of temperature. Also this quantity—which encodes

(a) (b)

(c) (d)

FIG. 2. FDT violations across scales. (a) Self-contribution dself

(blue curve) and full deviation (red curve) as a function of time at
T = Tc. (b) EPR computed using the trajectories with Eq. (7) (red
points) and the Harada-Sasa formula (blue points). (c) Deviation
curves d (t ) at T = Tc for several system sizes. For each value of N ,
Tc is computed as the temperature where the fluctuations of the polar-
ization are maximal (see SM). (d) Rescaled deviation d (t )/dmax(N )
as a function of the rescaled time tL−z, with z = 1.7. The pa-
rameters of the simulation are J = 1.5, v0 = 4, g = 4, ρ = 0.25. In
panels (a) and (b) N = 512. Results at ρ = 1.5 can be found in
the SM.

FDT violations on long timescales—displays a maximum in
correspondence of the critical temperature.

FDT violations across scales. The above results indicate
that FDT violations are maximal at the transition, and that
the response is strongly out of equilibrium on all time-scales.
The behavior in time of the deviation function d (t ), however,
suggests that different processes might regulate the short time
regime and the long time decay. In Fig. 2(a) we plot the self
contribution dself = (1/N )

∑
i dii to the deviation and compare

it to the full function. dself can be computed by evaluating the
responses Rαα

ii via Mallivian weight sampling [33] (see SM)
and deriving dii from Eq. (3). This contribution dominates
the first regime of d (t ) and it decays to zero on a timescale
corresponding to the location of dmax.

Interestingly, dself is connected to another quantifier of
nonequilibrium, the Entropy Production Rate (EPR), which
measures the amount of violation of detailed balance in the
system due to positional rearrangements [34]. The entropy
production is defined as the logarithm of the ratio between
the probability of a forward and a backward trajectory [35,36],
and it can be computed from the Onsager-Machlup action [see
Eq. (5)]. For the EPR, in the stationary state, we get (see Sec.
III of the SM [15])

EPR = lim
τ→∞

1

τ

〈
J

2T

∫ τ

0
dτ

∑
i j

dni j

dt
◦

∑
α

(
vα

i − vα
j

)2

〉
,

(7)
where ◦ denotes the Stratonovitch prescription. A discretized
version of this expression can be used to evaluate the
EPR from numerical trajectories. The result is displayed in
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Fig. 2(b) and it shows that the EPR also peaks at the crit-
ical temperature [37,38]. In fact, the EPR and some FDT
violations are directly related to each other via Harada-Sasa
relationships [39], which we explicitly derive in Sec. IV of
the SM [15],

EPR =
∑
i,α

∫
dω

2π

ω

T

[
ωC̃αα

ii (ω) − 2T Im(R̃αα
ii (ω))

]

= N

T

d

dt

(∑
α

dαα
self (t )

)∣∣∣∣∣
t=0+

(8)

We have verified this relation, by computing the EPR via the
integral in Eq. (8) and comparing the result with Eq. (7), see
Fig. 2(b) and Sec. IV of the SM [15].

The connection with the EPR helps understanding the ori-
gin of the short time regime of the FDT violation: it is directly
determined by the production of entropy in the system. Equa-
tion (7) shows that the EPR depends on the rate of change of
the interaction network dni j/dt , that is on how quickly nearby
particles enter and exit their interaction range. It is, therefore,
a local process. Besides, since mutual diffusion in space is
maximal at the transition [37,40,41] the EPR peaks at T = Tc

[42].
As we already noticed, strong deviations from equilibrium

are observed in the response also on the long timescales,
as testified by the slow decay of the function d (t ) and by
the behavior of Teff (t = ∞) across the phase diagram [see
Fig. 1(d)]. To explain this behavior, it is crucial to consider the
interacting nature of the system and, in particular, the occur-
rence of strong cooperative phenomena as the transition point
is approached. At large times, the deviation function is dom-
inated by the non-self-contribution, and it therefore involves
correlations between pairs of particles. Close to Tc, such corre-
lations become long range, distributing off-equilibrium effects
to the large scales and slowing down the decay of d (t ).

To confirm the collective nature of FDT violations at large
times, we performed simulations for systems with different
values of N , at the critical temperature. The resulting d (t )
curves are displayed in Fig. 2(c): the short time increase of the
deviation function, being related to a local process, is always
the same; on the contrary, the long time decay is slower the
larger the system, a behavior typical of critical slowing down.
Indeed, we show in Fig. 2(d) that the deviation curves obey
dynamic scaling, falling one on top of the other once the time
is rescaled by a characteristic time growing with the system’s
size as Lz. The value of the dynamic exponent used for the
collapse is z = 1.7, that is the value predicted by the incom-
pressible field theory of the Vicsek model [43]. We conclude
that—as long as the system is homogeneous enough in density
and the incompressible regime holds [44]—long time FDT
violations are a critical effect. Above a (density-dependent)
crossover size, the cooperative processes at the transition are
dominated by heterogeneities [7,44] and we expect the long
time dynamics to be ruled by different laws. The simulations
performed in this paper, as well as experiments on natural
groups in d = 3 [45,46], all belong to the incompressible
regime (see Sec. I of the SM [15]).

The general picture can be summarized as follows. Energy
is injected in the system at the individual level via the par-

(a) (b)

FIG. 3. (a) Integrated response at different temperatures, for
v0 = 4. Inset: relaxation time (computed as in [47]) and asymptotic
response vs T (Tc = 10). (b) Integrated response for different motil-
ities v0. The temperature is set so that T/Tc(v0 ) − 1 = 0.2. Inset:
relaxation time and asymptotic response vs v0. All other parameters
as in Fig. 1.

ticle self-propulsion and the relative speed control function.
Then, entropy is produced locally, every time two particles
start/stop interacting with each other, and it is maximal at
Tc due to the fast network reshuffling. Violations of detailed
balance immediately alter FDT relations on the short scales.
The existence of long-range cooperative processes close to the
transition then propagate off-equilibrium effects through the
whole system. FDT deviations therefore persist at large times,
and their overall amount peaks at the transition point.

Response control: accuracy vs activity. What are the con-
sequences of the above scenario on the global response of
the system? As illustrated in Fig. 3(a), the response exhibits
the dynamical slowing down typical of second-order phase
transitions, the system taking longer to react as T → Tc. The
proximity to the critical point is, therefore, a major factor
regulating response behavior. An important additional ingre-
dient is related to the out-of-equilibrium nature of the system,
which—as we have seen—manifests on all timescales. Since
the deviation function contributes with a negative sign to the
response [see Eq. (4)], we expect a stronger activity to produce
a smaller response. To investigate this point, we performed
numerical simulations for different values of the motility v0.
To disentangle the role of activity from critical effects for
any given v0, we computed the transition point Tc(v0) and
considered the system at the same relative distance from it
(see SM). The behavior of the integrated response is displayed
in Fig. 3(b) and it shows that, indeed, the larger the motility,
the smaller the full-response curve. When increasing v0, the
response relaxes more quickly and its asymptotic value χ (∞)
decreases (see Fig. 3 inset). Overall, these results suggest
possible adaptive strategies where—by tuning the accuracy of
mutual alignment (i.e., T vs J) or the value of the cruising
speed (v0)—a system can privilege either the strength or the
rapidity of its global response. A decreased intensity of the
response makes the collective state more resilient against ex-
ternal perturbations. Concurrently, a swifter relaxation allows
adjusting more promptly. Different contexts might benefit
from robustness or sensitivity, making a flexible response an
important asset for survival.

Conclusions. The way a system manages its energy budget
is a crucial issue for living systems, which typically acquire
external resources to build functional ordered structures and
dissipate excess entropy in the environment. Understanding
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how this occurs and what determines the repartition of this
process is, therefore, an important question [48–53]. Indeed, it
remains, in general, unclear whether activity in the individuals
of an aggregation affects the dynamics also at the macroscopic
level [54–58]. Our results show that, in fact, in flocking sys-
tems, nonequilibrium features do manifest on all scales, being
stronger on the short times and slowly decaying at long ones.
The key ingredient for this to occur is the combination of the
individual driving enforcing self-propulsion and the presence
of an ordering transition coupling dynamical modes over the
whole system.

Finally, we note that our results explain what is observed in
experiments on natural groups. In flocks of birds the network
changes very slowly [59] and the collective turns they exhibit

can be quantitatively described using equilibriumlike theories
[60]. In swarms of midges, on the other hand, network rear-
rangements are much quicker and out-of-equilibrium features
must be taken into account to reproduce the measured dy-
namical observables [46]. This is consistent with our findings:
flocks are highly polarized groups and therefore belong to a
region where both EPR and FDT violations are small (see
Fig. 1); swarms, on the contrary, are quasi-critical systems and
obey dynamic scaling [61,62], thereby representing instances
at the peak of the violation-noise diagram.
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