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Glass and polycrystal states in a lattice spin model
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We numerically study a nondisordered lattice spin system with a first order liquid—crystal transition,
as a model for supercooled liquids and glasses. Below the melting temperature the system can be
kept in the metastable liquid phase, and it displays a dynamic phenomenology analogous to fragile
supercooled liquids, with stretched exponential relaxation, power law increase of the relaxation
time, and high fragility index. At an effective spinodal temperafliggthe relaxation time exceeds

the crystal nucleation time, and the supercooled liquid loses stability. BElgWquid properties

cannot be extrapolated, in line with Kauzmann’s scenario of a lower metastability limit of
supercooled liquids as a solution of Kauzmann’s paradox. The off-equilibrium dynamics Bgjow
corresponds to fast nucleation of small, but stable, crystal droplets, followed by extremely slow
growth, due to the presence of pinning energy barriers. In the early time region, which is longer the
lower the temperature, this crystal-growth phase is indistinguishable from an off-equilibrium glass,
both from a structural and a dynamical point of view: crystal growth has not advanced enough to be
structurally detectable, and a violation of the fluctuation—dissipation thedF&) typical of
structural glasses is observed. On the other hand, for longer times crystallization reaches a threshold
beyond which crystal domains are easily identified, and FDT violation becomes compatible with
ordinary domain growth. ©€2003 American Institute of Physic§DOI: 10.1063/1.1560937

I. INTRODUCTION chanically stable configurations are ordered: the local field is
the same for all spins, and thus all tend to point in the same

When a liquid is cooled fast enough below its melting direction. Thus if we wish to stick to mean-field and the
point, crystallization is avoided and the system enters thessociated analytical advantages, we must resort to quenched
supercooled phase. Relaxation time increases rapidly in thigisorder to produce glassy behavior. The argument does not
temperature regime, and when it becomes comparable to thgply to finite range systems, however, and we can ask
largest experimentally accessible time the system falls out avhether finite dimensional spin systems with no quenched
equilibrium, remaining stuck in a disordered phase calledlisorder andp=3 display a glassy phenomenology similar
structural glass' to structural glassesve of course know thap=2, i.e., the

The configurational disorder of a structural glass is notising model, is not glassy under many respectdis is a
caused by the presence of intrinsic disorder in the Hamilrelevant question, first because it is important to understand
tonian, since this is just the sum of deterministic interactionwhat the key ingredients responsible for glassy dynamics are,
elements. This notwithstanding, a lot of attention has beeand second because lattice spin systems are normally easier
devoted to the phenomenological analogies between struge study than off-lattice liquid models.
tural glasses and mean-field spin-glasses, which are systems The answer to this question seems to be affirmative. A
directly containing quenched disorder in the Hamiltonian innumber of spin models without quenched disorder now exist
the form of random couplings among the spirns. particu-  that reproduce a phenomenology similar to supercooled lig-
lar, models of spin-glasses witrbody interactions angp  uids and glasses. Generally, one can say that in all these
=3, seem indeed to have many features in common witystems the nontrivial dynamic behavior is related to the
structural glasseSwith the obvious(but crucia) difference presence of frustration, due to complex even if non-
that in mean-field systems there is a purely dynamical trandisordered interaction terms in the Hamiltonian. In the SS
sition which is absent in real finite-dimensional glasses. Demodel of Ref. 4, this is achieved by mixing nearest- and
spite the close phenomenology, however, it is natural to askext-nearest-neighbor interactions, which gives an interest-
why we use models with quenched disorder to understanghg phenomenology, although not precisely glassy. In the
the behavior of physical systems with deterministic Hamil-plaquette(PQ model of Refs. 5, 6, 14, on the other hand,
tonians. glassiness is achieved bypabody interaction term withp

Disorder, one of the characteristics of the glassy states4, in close analogy witlp-spin models of mean-field spin-
cannot be expected to arise spontaneously from a determigiasses. In the lattice glass model of Ref. 9 frustration arises
istic mean-field Hamiltonian, because in this case the mefrom a constraint on the numbers of neighboring particles on
the lattice. The PQ model has been heavily studied in recent
3AIso at: Centro Studi e Ricerche “Enrico Fermi,” Via Panisperna, 89/A, Years, and the results seem to suggest that its phenomenol-
00184 Roma, ltaly. ogy has at least some points in common with structural
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glasses. In particular, a sufficiently rapid cooling of the PQmally called the glassy phase in systems like’R@d in
model forms an off-equilibrium disordered phase whichlattice glass modelss the main focus of our work.
closely resembles real glasses. Therefore, it would seem that Our model shows, in this respect, an interesting phenom-
p-body interactions in finite dimensional spin models withoutenology. As we will show, it has a first order liquid—solid
guenched disorder are sufficient to reproduce a phenomendfansition at a melting temperatuiig,,. Crystallization can
ogy similar to supercooled liquids and glasses. be avoided by fast cooling, and a supercooled liquid phase,
The aim of this paper is to study a model in the samemetastable with respect to the crystal, is found. “Equilib-
class as those just described, namely the deterministic verum” measurements can be performed as long as the equili-
sion of the CTLS model introduced in Ref. (& concise bration time of the supercooled liquid is much shorter than
description of some of our results has recently app&arad  the nucleation time of the crystal. In this phase the behavior
discussed below, this model has various advantages with ref our system is very similar to real supercooled liquids, and
spect to its predecessors and will enable us to check moiie particular to fragile systems. However, a temperaflyg
deeply to what extent lattice spin systems can mimic strucexists, where the crystal nucleation time becomes of the
tural glasses. Moreover, important questions on the low temsame order as the liquid equilibration time: at this point the
perature behavior of glasses, such as the stability of the sisupercooled liquid loses stability and it no longer exists be-
percooled phase and the role of the crystal, can be addressedw Tg,. We call Ty, the effective spinodalemperature. It is
whereas in previous models such an analysis was very limimportant to stress the following fact: we are able to detect
ited. Let us now explain why. the loss of stability of the liquid only because the equilibra-
Liquids in nature have a crystalline ground state, usuallytion time atTs,, t,, is shorter than our longest experimental
with low degeneracy, and display a first order thermody-time. We can state this point in a different way. A system
namic transition at the melting temperature. In the PQ modefalls out of equilibrium when the relaxation time becomes
in three dimensions a first order transition takes place, butoo large for thereal/numerical experiments, and this is the
the crystalline ground state has an unusual property for ligeperational definition of the glass transition temperaitye
uids, in that it is strongly degenerate: for linear sizethe  Therefore, the reason why we can observe the loss of stabil-
PQ model has % different ground states with the same en-ity of the supercooled liquid in our model is that>Tg.
ergy. The problem is not the degeneracy in itgd#le ground The Kauzmann paradoi.e., the fact that the extrapolated
state entropy density is zerobut rather the consequences liquid entropy becomes smaller than the crystal entropy at a
that this degeneracy has on the possibility to measure thinite temperaturgis avoided by this loss of stability: no
degree of order in the system. More precisely, in the PQequilibrium supercooled liquid exists beloW, and the en-
model, given a ground state configuratidar example, the tropy extrapolation is meaningless. In fact, this is the sce-
ferromagnetic one we can obtain another ground state bynario proposed by Kauzmann himsélas solution of the
flipping any plane of spins. Clearly, by iterating this proce-paradox, which is thus exactly reproduced in this system.
dure we can produce ground state configurations which looBelow T, the system enters a completely different phase,
highly disordered. The problem then is how to distinguish awvhere crystal nucleation and crystalline domain growth are
truly disordered, or glassy, configuration, from a configura-the main dynamic processes. However, by quenching to
tion made up of many droplets of different ground states. Théower temperatures the growth of crystalline order becomes
energy of both configurations will be high, in the first caseso slow that it is impossible to distinguish this phase from a
because it is essentially a liquid, in the second case becausgical off-equilibrium realistic glass. Moreover, we shall
of the interfaces among different droplets. In other wordsshow that dynamical measurements of the fluctuation—
energy is not a sufficiently precise measure of order in thalissipation(FD) ratio are compatible with the results ob-
PQ model, and due to the strong ground state degeneracy mained in ordinary structural glasses beldy.
configurational means can be devised to quantify order and It is our impression that the scenario described above is
domain growth. also shared by the PQ, and possibly other spin models. In
The system we introduce here does not suffer from thigarticular, that what is normally called the glassy phase for
problem: it has a doubly degenerate ground state, such thattite PQ model is an off-equilibrium regime of very slow crys-
is possible to measure the amount of crystalline order and ttal growth. However, as already mentioned, without a direct
monitor domain growth. A likely objection is that glassy measure of crystalline order it is hard to assess the amount of
physics does not have anything to do with the crystal, andrder in the PQ model, so the question whether there is in
that the possibility of measuring the formation and growth offact a glassy phase qualitatively different from the crystal
crystal domains is far from essential to study the physics ofrowth phase beloW,is open. This is certainly not the case
glasses. We reply to this objection with two observationsin the present model, though.
First, that simple glass formers usuatlp havea crystalline Throughout the paper we will use a notation common to
phase, whose possible connection with the properties of theupercooled liquids and glasses. We @gllthe melting tem-
glass cannot be completely ruled out in principle. In fact, ourperature. In analogy with mode coupling thedty,. will be
model explicitly shows such a connection. Second, if on thehe temperature where a power law fit locates a divergence of
other hand, spin models with a crystal phase fail somehow tthe relaxation time, whil& will be the temperature where a
reproduce some basic property of glasses, then we shoulbgel-Fulcher—Tamman fit puts the same divergence. The
understand why, and make sure that all spin models are freo-called Kauzmann temperature, i.e., the temperature where
from this problem. Indeed, the precise nature of what is northe extrapolated liquid entropy becomes equal to the crystal
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entropy, is calledTs. The effective spinodal temperature, $2593895522852353838232
i.e., the temperature below which it becomes impossible t03 8535030000 000090223
observe the metastable liquid is call€g). This temperature §65606e0000e000060600
. . . H . [oXeXX ]
is called T in Ref. 5, but we reject this choice because, asgesooofsoo00e9000e000
. . . . . oy [eRe ool NolleRoReR NelloNaReN RoNoRoNeoX ]
already mentioned, in the liquid literature the glass transitioncoceccocfcecoofoecoocosco
. . . o . . . $000080C00COSOCO0O0O®0000
is defined rather as the point where the equilibration time isecoeocolocecofooeccooeo
. R 0800008000080 00CE000
longer than the experimental time.
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The paper is structured as follows. In Sec. Il we intro- #2ccocecoooecoo00e0000
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A ) i 0000000000080 000OG0O
duce our model and describe the properties of the crystalline283299¢000080000e000
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ground state. In Sec. Ill we show, by comparing the liquid °°®°°cc®ccocoeococcceoco
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and crystal .f_ree energies_’ that the model has a ﬁrSt_ OI'Ck':ﬁ’IG. 1. Dextrocrystalleft) and levocrystalright): empty circles correspond
phase transition at a melting temperatiifg. The dynamics to positive spins, full circles to negative spins. In the left figure the square

of the supercooled liquid below,, and the metastability marks the five—element uqit cell. In_th_ej right figure the small square shows

limit Tsp are considered in Sec. IV, while aging dynamics andthe elementary unit used in the definition of the crystal n{ass Sec. Il

its relation to domain growth are studied in Sec. V. Finally,

we draw our conclusions in Sec. VI.

Ecs= —1.6. In Fig. 1 it can be seen that the crystal can be

obtained by periodic repetition of a>85 unit cell. Apart

from the two distinct dextro and levo forms, additional crys-

The model is described by the Hamiltonian tals can be formed by translating the unit cell up to five
N lattice spacings in each direction. There are then different

H=> fi(1+s), (1)  ways to cover the lattice, which are not locally compatible
i=1 with each other. Upon a quench, the system will greedily

optimize the energy locally in an uncoordinated way, creat-

ing many different competing domains with boundaries that

sturn out to be pinned, thus giving rise to slow dynamics.

Il. THE MODEL

where the variables;=*1 are Ising spins belonging to a
two-dimensional square lattice of side and the plaquette
variable f; is the product of the four nearest neighbors o
spini:

WLS.E.N (2)

fi=s"s’ss; lll. THERMODYNAMICS

(Wis for west,Sfor south, and so dnThe model is studied In the present section we will show that the CTLS has a

by Met_ropolis Mo_nte Carl(_) simulations with single-spin—flip first order phase transition at a melting temperafijre We
dynamlps for lattices (_)f S|zta=_100 andL=SOQ. ) start with the numerical observation of hysteretical behavior
_ A disordered version of this model was first _'mmduqedtypical of first order transitions: we find that, in a range of
in Ref. 7, as a way to model two-level systems in a latt'ce’temperatures, the system stays for very long tirhe€®

interacting with their nearest neighbors, whence its NaM{;onte Carlo Step€éMCS) or more forL =100] in the phase
CTLS (coupled two level systemsin fact, one can take the jiid or solid) in which it was prepared. In Fig. 2 we plot
spins; to be the variable describing the state of a two-levelye oqyilibrium internal energy as a function of the tempera-
system sitting at sité. Then states;=—1 has always zero ture for the crystal and the liquid phases.

energy, while the other state can be at 1-dr depending on
the factorf;. Thus when one of the neighbors switches, the
relative height of the two states afs reversed. In Ref. 7,
however, quenched random coupling constants were consid
ered. Here we shall see that the multibody nature of the
interaction is sufficient to give a nontrivial dynamic and
static behavior.

Frustration in the CTLS comes from the fact that it is not I |
possible to satisfy simultaneously the four-spin and the five- 4 3| /eﬁ |
spin interaction. After careful inspection of the Hamiltonian ]
it is found that the ground state of the CTLS is obtained by _j 4} _
covering the lattice with the following nonoverlapping ele-

717

-1.1f .
5 liquid

ments:

si=—1, sV=sP=sF=gV=+1. 3 1 51_ crys:a] — it
As Fig. 1 shows, the covering can be done in two ways, 1‘ 1'.1 ' 1{2 ' 1"3 : 1'.4 : 115 : 1!6 : 1{7 s
giving rise to two different ground states which we call dex- T

trocrystal and levocrystal. These two crystals are connecteglG > Liauid and crvstal ) function of ¢ wre. Th

_ _ . . <. Liquia and crystal energy per spin as a function or temperature. e
by the symme’FryXﬁ X, Y=Y, OF X=X, y—=—Y, while continuous lines correspond to the two fits reported in the text. The horizon-
they are both invariant undec— —x, y— -y Therefore, tal dotted line marks the energy of the crystal at zero temperafigge
the CTLS has a crystalline ground state, with energy density- —1.6. The vertical dotted line markg,=1.30.L=100.
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FIG. 3. Energy per spin as a function of time below and abdye FIG. 4. Crystal massn as a function of time below and aboVe,. Same
L=100. temperatures and symbols as in Fig. 3.

To find T,, we need to compute the free energy in the
two phases by integration of the internal energy. To this aim@mount of crystalline order in our samples. This can be done
we fit the liquid energy(LQ) as either by measuring the typical crystal droplet sger by

measuring the total crystal mass To measurg we observe

Elq(T)=—atanib/T), a=1.84, b=1.10, (4) that both crystals have a periodic structure with a unit cell of
while for the crystalCR) we find size 5. Thus, the Fourier transform of the spatial correlation
_ function,
Ecr(T)=EgstcT", ¢=5.5x10"° n=13. (5)

_{(s(0)s(r))—(s)?

By using the thermodynamic formula, G(r)= 1—(s)? ,

B
ﬂF(,B)zﬁOF(ﬂo)an dg'E(B'), B=1T, (6) has a peak dty=27/5. The width\ of this peak is propor-
Bo tional to the inverse of the typical crystalline domain size.

we obtain the free energy of the liquid and crystal phases: We want to extract from\ a measure of how large is the
typical crystal domain, a question which is better answered

(10

Flo(T)=—Tlog2— ET log costtb/T), 7) by com_par_ing it to the system size_. S_o we actually defins
b a density, i.e.§=1/(\L) €[0:1]. It is important to note that
c this definition of ¢ has a limited power of resolution: in a

Fer(T)=Egs— - 1T”, (8 random configuration we find on average thgt=0.05,

which can therefore be considered as the effective zeré. for
where we have takef,=0 for the liquid, and3,= for the =~ But a complementary measure of crystal order is needed: in a
crystal. The melting temperature is fixed by requiring configuration entirely made up of tiny mismatched crystal-
FLo(Tm) =Fcr(Tm), which gives lites £ would be very small, even though the total amount of
B crystal is large. The crystalline masscan be measured by
Tm=1.30. ©) counting the fraction of crystallized spins. To this aim, we
We have checked that our energy data are independent bave to define an elementary unit, which is large enough to
system size for 108 L<500. have a small probability to be formed randomly, but small
In order to check that a first order liquid-crystal transi- enough to be sensitive to small amounts of crystal. We
tion actually takes place dat,, we proceed as in Ref. 5: we choose the nine-spin unit shown in Fidright): in the pure
consider an initial condition where half of the system is incrystal each minus spin is surrounded by eight pluses, and in
the crystal phase and half in a random phase, and we run thike unit cell we have five of these elemeffghich clearly
configuration afT,+0.01 and afl,,—0.01. If our determi- overlap. To count all the spins in the cell we must multiply
nation of T, is correct, after a transient time the systemthe number of these units by 5. Thus, we define the crystal
should relax either to the liquid or crystalline phase, since thenass densityne[0:1] as the number of these elementary
stable phase will expand and take over the whole systeranits times 5 normalized bly?. As for £ we have a random
after a sufficiently long time. The time evolution of the en- average value of the mass,=0.01, which is the effective
ergy is shown in Fig. 3, confirming our previous determina-zero of m. Had we chosen the»5 unit cell, the accuracy
tion of T,,. would be higher, but the sensitivity would decrease as well.
Even though the energy of a configuration may be condin order to test the definition of and m, we measure their
sidered as an index of the degree of crystallization of thdime evolution in the experiment described above for the
system, it is certainly not a very sensitive one. Given that wedetermination ofT,,,. The results are shown in Fig. 4. Note
know the crystal in this system, and thanks to its low degenthat in the liquid phase af=T,+0.01 we havem~0.15
eracy, we introduce some methods to directly quantify the>m, (whereast is compatible with zerp meaning that also
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in the liquid aboveT,, there is a certain amount of short ' " ' ) T ' T
range order. Both these quantities are thus excellent configu ™
rational indicators of the amount of crystalline order in the
system. |
We finish this section by noting that if we extrapolate o |
ELo(T) and F o(T) to low temperatures, we can find the 9L u _
temperaturel ¢ where the entropy of the supercooled liquid e
becomes equal to the entropy of the crystal. We find

T.=0.91. (11)

100} -
T, is the temperature where the Kauzmann paradox oc€urs:
below T the supercooled liquid entropy would become
smaller than that of the crystal. This temperature is usually
called Kauzmann temperature in the literature, a denomina §3"13 17 15 ig
tion we find somewhat unsatisfactory given that Kauzmann T
himself did not believe the extrapolation was really meaning'FlG. 5. Relaxation time as a function of temperature. The full line is the
ful. power law fit Eq.(14). Inset, KohlrauschB exponent of the stretched expo-

nential fit vs temperatured. =500.

IV. DYNAMICS

The aim of this section is to study the dynamical behav-  C(t)=exd — (t/7)*]. (13

ior of the CTLS in the supercooled liquid phage., for T o ) )
<T,) and in particular to analyze how the relaxation time From this fit we extract the relaxation timeTo be sure that

increases when decreasing the temperature. There is € System has equilibrated we check that at each tempera-

marked difference in the behavior of the system if our obserfU"® the equilibration time that we have waited for is much
vational time window is longer or shorter than a given time!ar9er thanz. More precisely, sinc€(t) decays to zero in
tey10° MCS. Fort<tg, the supercooled liquid is stable at @PProximately 26 we requirete = 20r.

all temperatures where equilibration may be achieved: we | N€ relaxation time as a function of the temperature is
can either study the equilibrium supercooled liquid or theP!otted in Fig. 5. We note that there is no dynamic signature

off-equilibrium glass, formed by a sufficiently fast cooling. ©f the melting transitiorT',,. Below Ty, the supercooled lig-
On the other hand, if we are able to observe the dynamics ofid 1S metastable with respect to the crystal, and there is a
time scalest>t,, we discover that the supercooled liquid sharp increase of the relaxation time. In the inset of Fig. 5 we
loses stability at low enough temperatures, and the systef" S€€ that the Kohlrausghexponent of the stretched ex-

enters a completely different regime. Therefore, it is useful tf?onential fit decreases with the temperature, as it happens for
divide our dynamical investigation into two parts: first we '€alistic models of liquid¢see, for example, the data of Ref.

shall assume that our maximum experimental titgg is 12). ) _ . _
shorter thart,, and we will measure the equilibrium proper- 1" the temperature regime of Fig. 5 the relaxation time
ties of the supercooled liquid. Second, we will consider time<can be fitted very well by a power law,

larger thantg,, to analyze the loss of stability of the super-

cooled liquid. T with T.=1.06, y=2.29. (14)

T(TTY

A. Moderate times dynamics: <, This fact suggests that the CTLS is a fragile systénio

In this section we will assume that the longest experi-support this conclusion, we compare the CTLS with an
mental time available to us ig,,=<ts;~10* MCS. To probe  Arrhenius/strong system, like the PQ modelds-2.* To
the dynamics of the CTLS we measure the equilibrium regive a quantitative measure of fragility we need to fit the
laxation timer as a function of the temperatufie This can  relaxation time with a Vogel—-Fulchner—Tamman form,
be obtained from the decay rate of thrermalized equilib-

rium spin—spin correlation function, defined as =1, ex;{ A (15)
T-To)
(S(ty)S(ty+1) = (5)? _ ’ _
C(t,ty) = 1-(s)? , (12)  The fit works pretty well for the CTLS and givég,=0.76

o _ o - forTe[1.2:1.7, andTq=0.90 forTe[1.2:1.4. The quan-
where(---) indicate averages over spins and initial conflgu-tity Kyer=To/A is a measure of the degree of fragility of
rations. We quench the system from infinite temperaturgnhe systent® For the two models, we find

down to the target temperatuiieand wait for it to equili-

brate. At equilibrium the dependence gp disappears and 2dPQ: Kypr=0.017, (16)
C=C(t). This is our first equilibration test. The correlation ) _

function can be adequately fit with a stretched exponential, CTLS: Kyer=0.095, (7
which is the expected equilibrium behavior fG(t) in su-  consistent with a high fragility of the CTLS. Incidentally, we
percooled liquids, note that an Arrhenius fit of thed2PQ correlation time
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gives a barrier siz& =5.8. This can be reconciled with the S A A

= ) . . I T=1.26
resultA =3 of Ref. 14 noting that the spin coupling constant ~ -12 v 8 T=1260 -
is taken as 1/2 in that work. M v T=L18

For T<1.25 we are no longer able to equilibrate the | .| B1%e Steqeeeeatetiqetitectece |
system within our experimental timg,,= 10, therefore this v i W

) ", o . NMAN
is our glass transition temperature within this time regime. If,

however we give up the requirement to be at equilibrium, weE-1.4

can explore the low temperature region. For quenches belov s

T=1.25 the system should be considered, according to usue , 4| \vi N
definitions, as an out of equilibrium glass. In fact, out-of- %

equilibrium glasses can be formed when cooling the liquid at ] K

low temperatures at a rate fast enough to prevent equilibra: -1-6 MY T
thn. In.F|g. 8 we show the results of colollng e>.<per|ments o LIOLOO : 10(')00 : '-'1';105' : "'féioe' e
with a linear cooling schedul&=T;,—rt with cooling rate t

r=dT/dt and T;,=1.67. We plot the system energy as a
functi T f md'f'f ¢ Ip t yI h 9y h FIG. 6. Energy per spin close to the spinodal as a function of time. The
unction © or different cooling rates. In the same grapn yqieq jine marks the energy of the crystak=100. Error bars are only

we report the equilibrium supercooled enegy,(T), which  shown if larger than symbols size.

of course must be extrapolated below the last equilibrium

temperature. Considering for now only the three fastest rates,

we find as expected that at high temperatures even for rela- o N o )
tively fast coolings the system stays in equilibrium, wheread®" T=1.23, after initial equilibration in the supercooled lig-
E(T) departs from the equilibrium curve at lower tempera-“'d phase, the system makes the tra'n5|.t|0n to.the crystal.
tures. The slower the cooling, the lower the temperaturdiOté that atT=1.23 the supercooled liquid survives up to
where the energy freezes in the glassy phase: this is the gla%gr’_ MCS when the transition to the crystal starts, and crys-
transitionTy(r) corresponding to that particular cooling rate. tallization is completed in fOMCS. At T=1.18, on the
Since we have set a maximum experimental titgg, to other hand, we see that the supercooled liquid lasts roughly

bring the system through the interesting temperature regi0|]104 MCS, while the approach to the crystal takes more than
of width Te[0.8:1.3, within a timet,,, we can afford at 10° MCS. In other words, the lower the temperature, the

most cooling rates of the order 0pGL0~°. Slower rates will faster is the departure from the liquid, but the slower is the
be considered in the next section. completion of the crystal. If we further decrease the tempera-

The energy of the configurations reachedTat0 upon ture, the plateau corresponding to the supercooled liquid dis-
cooling, as a function of the cooling rate, is a quantity which@PP&ars, and the energy decreases steadily toward the crystal
is considered as an important indicator of glassy behavio@round state. The dynamics becomes ever slower in this tem-
What we find forr e[5x 10~4,0.01] is a slow dependence of perature regime, z_ind the system remains out of equilibrium
E—Egs onr, compatible with a power law with low expo- UP 0 very long timessee Sec. Y These results can be
nent or with logarithmic behavidisee Fig. 13 and Sec. V for INterpreted in terms of nucleation thedfyEven in the su-

a wider discussion of this pointwhich is very similar to percooled liquid phase the system nucleates droplets of crys-
what was observed in real glasses. tal with finite probability. Most of these droplets are too

Summarizing the results of this section, for times smallersSmall to be stable and soon disappear, however a critical size
than ty;~ 10* MCS we observe in the CTLS a phenomenol- exists such that whenever a droplet of that size is created it
ogy typical of fragile structural glasses: in the supercooledVill Not shrink back, but rather expand and bring the system
liquid the correlation function displays stretched exponentiaf© the stable crystal phase. This phenomenon, critical
relaxation. The relaxation time grows very sharply and is nucleation, is characteristic of metastability and determines
well fitted by a power law, and the stretching expongnt the average lifetime of the metasta_b_le phase. The time
decreases with decreasing temperature. The fragility index {8¢€ded by the system to nucleate critical droplets, i.e., the
much larger than a typical Arrhenius/strong spin system. Fiucleation timer, ¢, depends on temperature and may be
nally, on rapid cooling, the system goes out of equilibrium €™ long. It is often not accessible experimentally, so that

remaining stuck in the glassy phase, at a glass transitiof{!® 0SS Of stability of the metastable phase cannot be ob-
temperature which is lower the smaller the cooling rate. served. Once critical nucleation takes place, critical crystal
droplets start to grow until all the system has a crystalline

B. Long times dynamics:  t>t., and the metastability structure. However, the growth of the crystal may become
limit T, P very slow if kinetic constraints are present. What we observe

. _in the CTLS is that the lower the temperature, the faster is
We analyze now the behavior of the system for timescrystal nucleation, but the slower is crystal growth.

longer thants,= 10", In Fig. 6 we plot the energy as a func-  ~ \we can formalize the loss of stability of the liquid by
tion of time for three different temperatures beldy, with  estimating the nucleation time,. In two dimensions, the
random initial condition. free energy difference due to formation of a crystal droplet of

At the higher temperaturel,=1.26, the system relaxes gjze ¢ in the liquid phase is given By
in the supercooled liquid and remains in this phase up to our
actual experimental timetg,,=2x10°. On the other hand, A(é)=Acé—BSFE?, (18
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whereA andB are geometric factors depending on the shape lex06g——T———T— T T 1 77 I
of the droplet, o(T) is the surface tension, andf(T) :
=Fo(T)—Fcr(T) is the bulk free energy difference be-
tween supercooled liquid and crystal beldw,. The func- le+0S
tion A(§) has a maximum at a value of the droplet s&Ze
with an associated valug* of the excess free energy: i
* 10000

qp Ao A (T P Y
&( )—ﬁm, ( )—EW- (19
For é<¢* the system still needs energy to enlarge the droplet  1000¢ . E
which therefore naturally shrinks its size to zero; for £* : - ggﬁﬁ%‘;gt‘i‘on

on the other hand, it becomes favorable for the droplet to
grow. Therefore£* is the critical droplet size and* is the L VR 7 T RV TR T
free energy barrier to crystal nucleation. The Arrhenius esti- T

mate for the timer, . of crystal nucleation is then

A% o(T)? )

FIG. 7. Nucleation and equilibration times vs temperature.

Tud T) =70 €xp —= (20

4B Tof(T)
A necessary condition for the existence of the supertwo curves cross at a timig,~ 10" MCS: this is the reason
cooled IIqUId phase at temperatUTEiS that the nucleation Why if our maximum experimenta| time is smaller thesla
time 7,,{T) is much longer than the time to make an equi-\e do not detect this metastability limit. As we have already
librium measurement, i.e., the eqU”ibration tlmg](T) In Said’ the g|ass transition temperatﬂ?@ is fixed by the ex-
other words, only ifr,,{(T) > 7¢{T) can we speak of a meta- perimental time ey, via the relationre( Ty) = tey,. Therefore,

stable supercooled liquid. We want now to test this relatior T<T, the metastability limit cannot be observed,
in the CTLS. To find7,, we need the surface tensien  \whereas we detect it T y<Tep-

which we estimate at a reference temperaflfg and as- The presence of a lower metastability lirffig, is clearly
sume that depends weakly dnclose toT ;. To do this we  yjsjble also in cooling experiments. If our experimental time
invert formula(20), exceedd o= 10* MCS, we can afford smaller cooling rates
2_ 2 than rg~AT/ty, to explore the relevant regionT
0°=4BT,o0f (T ep100[ Thud Trep)/ To /A%, 21 sp sp CleVs
"?f (Tren 10l 7nud Tre/ 7o] _ @) €[0.8:1.3. The results are reported in Fig. 8. Foprg,
and after settingr= T 0 (T )/ TSF(T), we can write ~5x10"° the energy departs from the equilibrium line re-
maining aboveit, while for r <rg, it dropsbelowit. We can
Trud Trer) o . L -
Thud T) =~ 70 €xp| a log ————— (220  understand qualitatively this behavior in terms of equilibra-
7o tion and nucleation processes. Forrg,, given the fast
_ T yal-a 23 cooling rate, the system has not the time to equilibrate at low
Trud Tren) “70 (23 L . .
temperatures where the equilibration time becomes very
~ Toud Tren) s (24 large and its energy therefore remains higher than the equi-

T : . librium one. On the contrary, for<rg, the cooling is so
where the last approximation is valid whé@nis nearT ., y sp 9

since thena~1. To have a result as accurate as possible
close to the loss of stability of the liquid, we takggs
=1.234, wherer,,.=5%x10*.

-1.1 IR e A A B S R B St SENRL IR RN SR LR L T

Regarding the estimate af.(T), we have already no- | cor=00002 .
ticed that the correlation functio@(t) drops to zero after 00 7 =0.00002 “
roughly 20 relaxation times, and this we take as a reasonabli -1.2f- Zz:g'ms
estimate of the equilibration time. The relaxation time is L r=0.0000035
given by the power law fit, Eq14). 13l DPr=0000002 |

V7 r = 0.0000005

In Fig. 7 we plot n versusT from th \Y
g e plotr,,c and 7y versusT fro e above — eqilibrium SC

estimates. We see that the nucleation time drops below thE
equilibration time at a temperatuiig,=1.22, which there- -1.4
fore marks the metastability limit of the supercooled liquid

phase. BelowTg, the liquid can only be observed on time Ls Ta |
scales shorter than the equilibration time, meaning that wha T
we are actually observing is an out-of-equilibrium glass. ®

I AR IO Sp— N, ;717 ""”"w‘"/-.,,,,/ | I 5 P
Therefore, the equation .1,%.4 ....... v s : BV S ERE VY

Tnuc(Tsp) = 7'eq(Tsp) (25)
. " . . FIG. 8. Cooling experiments above and below the spinodal cooling gate
can be considered as a definition of the effective spinodathe cooling protocol is linearf(t)=T,,—rt, from T,,=1.67 down toT

temperaturdl g, for the metastable liquid phase. Note that the=0. L=100.
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-1.3 T @ T T T T y T locates a divergence, is very close to the metastability limit

glass 1 Tsp- The interpretation of this fact given in Ref. 6 is very
-1.35 @ mass - clear: in mean-field the PQ model has a sharp spinodal tem-
Y ® V domainsize | perature at the point where the liquid metastable state disap-
a4k Vv ® - pears, and this transition is accompanied by a divergence of
v Py ] the correlation times. Therefore, it is argued that in the finite-

E-145- | dimensional version of the PQ model the temperaityés

v ® Py | actually a remnant of the mean-field spinodal. The same

sk v i view has been advanced for off-lattice models: in Ref. 16 the
I v o polycrystal | behavior of a supercooled two-component Lennard-Jones
1ssk v v ® PS i system ind=2 has been interpreted as due to the influence
v o of a pseudospinodal, while in Ref. 17 arguments are given to

L6 . \ . , . | . C ] explain why ind=3 spinodal effects may be much harder to

~0 0.2 04 0.6 0.8 detect.

crystal mass or domain size The situation is very similar in the CTLS, even though

FIG. 9. Energy of the configurations reachedat0 during cooling experi-  OUr definition of T, makes it indispensable to distinguish
ments as a function of the mass and the domain sizd.107¢,107°%], between the two temperatures. The temperalyr@here the
L=100. relaxation time would diverge is not actually a true critical
temperature: when the temperature is decreased the equili-
_ bration time increases and finally becomes as large as the
slow that at low enough temperatures the system has the timgcleation time afl s, When 7e4= 7 is still finite. There-
to nucleate critical crystal droplets and its energy is drivernegre we have by definitioff s> T,. This is simply due to the
toward the ground state one, thus becoming smaller than thg,ite_dimensional nature of the CTLS. In mean-field systems
supercooled liquid energy. In both cases, however, the sy$; metastable state has infinite lifetime and is separated from
tem eventually remains stuck in an off the equilibrium phaseye staple phase by an infinite free energy barrier: the spin-
This experiment poses an interesting question about thgqa| temperature, which marks the disappearance of the
actual nature of the out-of-equilibrium glassy phase. For fastyeiastable state, corresponds to the temperature where the
cooling rates the system remains stuck at a high energy levehyrier goes to zero, and is naturally associated with a diver-
into a clearly disordered, or glassy-like, phase. On the othefent time scale. In a finite-dimensional system like the
hand, for the slowest cooling rates the system approaches ter| s on the contrary, the metastable phébe liquid is
ordered crystal phase, even though it remains stuck in agparated from the stable ofide crystal by a finite free
out-of-eqwhbrl_um polycrystalllne Co_nflguratlo(tms can be energy barrier—see Eql9—and has always a finite life-
clearly seen inspecting configuration snapshots vispally time_An effective spinodal temperature can only be defined
The decrease in energy, and the associated increase in Crysy; comparing the different and finite time-scales present in
talline order that we observe as we slow down the cooling igpe system, as done in the preceding section. However, the
a continuous process, making it very difficult to distinguish ynysical interpretation of Ref. 6 may remain valid, i.e., the
what is a glass and what is a highly disordered polycrystaljncrease of the relaxation time closeTg, may be an effect
This structural coqtlngltyfrqm g.IaSS to polycrystal can oy approaching incoming instability of the supercooled lig-
be appreciated quantitatively in Fig. 9, where we plot theiq.
energy of the asymptotic configurations the system reaches at \ye stress again that had our maximum experimental
T=0, as a function of the corresponding crystalline domainjme peen shorter thaty,= 10 MCS. we would not have
size§ and crystal mass, for various cooling rates Allthe  getected the metastability limit at,, while we still would
points on this plot correspond to configurations obtainedi; the equilibrium relaxation time as a power law with criti-
with a well-defined cooling experiment. Moreover, all these g temperaturd .. In that case, it would have been harder

configurations arglocal) minima of the energy. As we can {4 regjize the connection between divergence of the relax-
see, the data interpolate without gaps between crystdtine ation time and loss of stability.

polycrystalling configurations with lowE and high¢& or m,

to glassy configurations with high and lowé or m. In this  p_ kauzmann's resolution of the Kauzmann paradox

sense we may say that in the present system there is no ) )

qualitative difference between the off-equilibrium disor- N 1948, Kauzmann outlined in a famous pafiehe
dered, i.e., glassy, regime, and the crystal growth regime. OR&radox now named after him. In the supercooled phase the
the other hand, thanks to the presence of the pseudospinod4$cosity of the system increases with decreasing tempera-

transition, there is a clear distinction betweequilibrium ~ Ure, until at the glass transitioR, relaxation time becomes
liquid and crystal phases. too long and equilibration cannot be achieved within experi-

mentally accessible times. However, Kauzmann noted that if

the entropy of a supercooled liquid is extrapolated belgw

it becomes equal to the crystal entropy at a temperalyre

>0, and even smaller than zero if extrapolated further. This
It has been shown in Ref. 6 that in the PQ model theentropy crisisis never actually observed, because the glass

temperaturel . where a power law fit of the relaxation time transition intervenes before. However, Kauzmann found it

C. Metastability limit and relaxation time divergence:
Tep versus T,
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paradoxical that it was just a kinetic phenomerttire glass
transition that saved the liquid from thermodynamic non-
sense.

In the context of the Adams—Gibbs—DiMarzio thedty,
the entropy crisis has however an interpretation: the entrop)g
difference between crystal and liquid is related to the con-
figurational entropy2,, that is the entropic contribution due
to the presence of an exponentially high number of different \
glassy minima. The vanishing & at T signals a thermo- == equilibration
dynamic transition to a new phase, characterized by a subex
ponential number of glassy states, separated by infinite free-
energy barriers. This picture is exact for some mean-field'C: 1Q. Pictorial view of three o_liffe_rent scenarios: Leff, and 74 cross
spin-glass systerﬁ§,and it may be the correct resolution of at ahsplnoda_tl Femperatu_f&m which is larger than the temperature where

Thuc N@S @ minimum, as in the CTLS. Centey,. and 7., cross at a spinodal

the Kauzmann paradox even for real structural glasses. AQemperatureTsp, which is smaller than the temperature whetg. has a
cording to Adam—-Gibbs—DiMarzio, the entropy crisis is ac-minimum. Right, 7,,c and 7., both diverge at the same temperatiirg
companied by a divergence of the relaxation tim&agjiven = Tsp- The circles indicate the spinodal temperatlicg.
by 7~exp@/T ). Expanding linearly the configurational en-
tropy close toTg a Vogel-Fulchner—Tamman behavior is

obtained[see Eq.(15)] with To=Ts. To andTs have been  ch higher temperature, as shown in Fig. 7 and also in Fig.
observed to be quite close in various systéragact that has 10 (left). Yet, in general the interplay betweet(T), 5f(T),
been advocated as an indirect argument in favor of this inyng T may be such that a minimum of,,{T) actually oc-
terpretation. cursand that at this minimumr,, & 7. However, even in

Despite recent analytic and numerical work supportinginis case it may still happen that the curves cross below the
the entropy crisis scenarf8?* there is another way to avoid minimum of 7,,., as shown in Fig. 1@cente}. In this case
the Kauzmann paradox, which, interestingly enough, washe Kauzmann paradox would still be resolved by the meta-
proposed by Kauzmann himséfHe rejected the idea of a stapility limit, exactly as in CTLS. Note that this particular
thermodynamic glassy phase, and instead hypothesized tigenario may actually prove to be quite deceiving: at tem-
existence of a metastability limit of the supercooled liquid peratures smaller than the minimum of the nucleation curve
phase, below which crystal nucleation becomes faster thagne can think that the “dangerous” zone for crystal nucle-
liquid equilibration. More specifically, he defined an effec- ation has been safely crossed and that crystallization is there-
tive spinodal temperaturgs;> T below which “the free en-  fore ruled out at lower temperatures. However, very careful
ergy barrier to crystal nucleation becomes reduced to theextrapolations of bothr,,. and Teq WoUld be needed to rec-
same height as the barrier to simpler motidnBelow Ts,  ognize that a metastability limit actually existsBg<T,.
the supercooled liquid is operationally meaningless and thus  But is it possible thatr,, Teq atall temperatures? The
the paradox is avoided. answer is yes for strong liquids, whefg=0, and thusre,

We have shown in this paper that the CTLS is a systenstays finite forT>0; but this case is of little interest for us
with a supercooled phase and a fragile-glass phenomenologjnce then the Kauzmann paradox does not arise. However in
that precisely reproduces the scenario hypothesized by Kaufragile liquids, wherer,, is supposed to diverge &, the
mann. If we look at the behavior of the extrapolated excesgondition for the existence of the liquid, > 7eq, requires
entropy S, o—Scg We find that in this model's and T, are  that 7, diverges at a temperatufig,,=Ts. In our opinion
actually very similar(see Secs. lll and IV A However, de- it is possible thafT,,.=Ts, since at low temperatures the
spite this fact, no entropy crisis does actually take place. Theontribution of 7y in Eq. (20) could be important due to
metastable liquid ceases to exist beldy=1.22 and thus kinetic constraint$? In nucleation theory, this prefactor is
the paradox is avoided. taken as proportional to the viscosity, in which casg.

As we have already stressed, the metastability limit maywvould diverge when the viscosity does, that iFat But it is
prove impossible to observe experimentally if the equilibra-hard to imagine howr,,. could divergestrictly abovethe
tion time atTg, is much larger than the experimental time, thermodynamic transition temperaturgs. Therefore, it
that is if Tsz<Tgy. One is then tempted to suggest that theseems to us that the best one can havijs T, as in Fig.
Kauzmann'’s resolution of the Kauzmann paradox that wel((right).
have explicitly analyzed in the CTLS model possibly applies  Let us stress once again the fact that crystal nucleation is
to many other systems, but is actually out of experimentah different process from crystal growth: saying that nucle-
recognition. However, we must be careful in judging howation is fast, is not the same as saying that the critical crystal
general this behavior can be. droplets will grow quickly, since the speed of growth will

The nucleation timer,,. of the CTLS has a minimum at strongly depend on kinetic considerations. From an experi-
a temperatureT=0.98, below which it starts increasing mental point of view, it is clear that having a very long
again. This is simply due to the balance between the freaucleation time(longer than the experimental tilmand fast
energy barried*(T) andT in the Arrhenius factor, and it is growth, is not much different from having a fast nucleation
certainly a very model-dependent property. In the CTLS allof very small, undetectable, crystal droplets, which however
this is of little relevance, becauss,,. and 7., cross at a grow exceedingly slowly. In order to avoid crystallization
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AN AL R B LA R tions are quite different: in the first case the equilibrium lig-

; uid phase exists, at least on certain time scales, whereas in
. the second case it does not, the only liquid phase is the
out-of-equilibrium glass and the Kauzmann paradox is
avoided. We can characterize these two scenariegjasib-
rium arrested nucleations off-equilibrium arrested growth

V. OFF-EQUILIBRIUM BEHAVIOR: DOMAIN GROWTH
AND AGING

In this section we study the dynamical behavior of the
3 CTLS after a quench td <T,. We shall first focus on one-
. time quantities, and in particular on the behavior of energy,
crystal domain size, and crystal mass. Then we will analyze
P R N R R SRR B two-time quantities to understand whether our system exhib-
06 07 08 09 I 11 12 13  jsaging, and of what kind. The key result of this section is
that there are two time regions for off-equilibrium dynamics.
FIG. 11. TTT curves for two different values of the threshold vatg. In the earlier time regime there is the formation of a large
L=100. number of critical crystal droplets all over the system. As we
have seen, this mixture of crystallites cannot be structurally
distinguished from a glass or liquid configuration, as long as
and form the glass we have either to avoid nucleation, or t@he crystallites are very small. Their growth is controlled by
ensure that crystal growth is kinetically blocked. To clarify activation, and thus this regime will last longer the lower the
this point, we can ask how long is the tintg the system temperature. In this phase, which we chllibbling off-
takes to develop a substantial amount of crystalline ordelgquilibrium dynamics is similar to what was found in struc-
large enough to prove that crystallization has started. We cafiral glasses. The later time regime kicks in when the energy
answer this question by following the time evolution of the parriers to crystal growth have been crossed, so that crystal
crystal massm(t) at various temperatures, and definiig  domains are large enough to be structurally recognizable.
from the relationm(t,)=my,, where my, is an arbitrary  This phase we catioarseningand off-equilibrium dynamics
threshold. The functiom,(T) is normally called in the con- in this regime is consistent with models where simple coars-
text of SUperCOOIEd IIqUIdS time—temperature—tranSformatiO@ning occurs, as the |Sing model. The minimum time we
(TTT) curve, and it is the only experimentally available have to wait to see the coarsening regime in our systerd
means to check how likely crystal formation is at a giventhus realize that crystal domains are actually growiisgas
temperature. Note that the value g{T) will strongly de-  |ong as the time needed to directly see the loss of stability of
pend onmy,, and it cannot therefore bguantitativelycom-  the liquid, that ists,. In other words, the dynamical checks

pared t07eq. for the growth of the crystal are as inefficient as the struc-
In Fig. 11 we plot the TTT curves of the CTLS for two tyral ones we considered in the former section.

different values ofmy,. As in realistic supercooled liquids,
the TTT curves have a minimum at a temperatlige here
crystallization has the fastest rate, in the sense th@j ate The rate of decay of the energy gives a useful character-
have to wait the minimum possible time to reach a lewgl  ization of the off-equilibrium dynamics. In Fig. 12 we report
of crystallization. The origin of this minimum is obvious in the behavior of the excess energf=E—Eggas a function
CTLS: for high temperatures, is large becauserystal  of time, together with power law fits of the forndE
nucleationis very slow, i.e., becausey, is very large, =At"". For all temperature3 <T, we find an initial time
whereas for small temperaturés is large becauserystal  regime wherev<0.2, which is compatible with that found in
growth is very slow, which is essentially due to the high some model systems of structural glase®, e.g., Refs. 25
viscosity of the systenii.e., to the same reason why, if the and 26. This is followed by a second late time regime where
liquid still existed, 7.4 would be very large Thus, in CTLS  the energy decreases faster, with0.5. However, the data
the two branches of the TTT curve correspond to two differ-show that the crossover to this second regime takes place at
ent phenomena, that is nucleation and growth. Not surprisa time which increases on lowering the temperatureTAt
ingly we find T,~Tg,. On the other hand, in a system where =0.67 we are unable to enter this late time region within our
the scenario depicted in Fig. 10entey holds, also the left maximum experimental time, and we only observe the slow
branch of the TTT curve fof <T, would be due to slow regime.
nucleation’®** until Tg,<T, is reached. In this case the The existence of these two different regimes can be re-
minimum of the TTT curve would be an effect of the mini- |lated to the presence dlctivated coarseningas is com-
mum of 7,,(T) described above. BeloWs,, however, the monly found in frustrated lattice spin modéi3Below the
TTT curve would again increase due to slow crystal growthspinodal temperature the system rapidly nucleates small
It may be argued that there is little experimental differ- stable crystal domains, which tend to grow. However, due to
ence between the case where crystallization at Tovis  the high viscosity, local spin rearrangements are difficult, and
blocked because of arrested nucleation or arrested growtioving a domain boundary may be rather costly. Thus, con-
However, from a theoretical point of view these two situa-trary to the case of standard coarsening in the Ising model,
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A. One time quantities
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FIG. 12. Excess energy as a function of time after a quendh<al,,. Full FIG. 13. Energy of the configurations reachedl'at0 during cooling ex-
lines, power law fit of the earlyslow) time region:»=0.17 for T=0.67; periments(see Fig. 8as a function of the cooling rate, together with power

v=0.19 for T=0.83; v=0.18 for T=1.00. Dashed lines, power law fit of law and logarithmic fitsL=100.
the late (fasy time region: v=0.40 for T=0.83; v=0.51 for T=1.00.
L=100.
model. This behavior oBE(r) is what we expect for acti-
vated coarsening of the first class and can be qualitatively
o : , . xplained in the following way. As we have seen, belbyy
when frustration is present domain boundaries are pinne - 2 : ;

he system exhibits a nontrivial dynamical behavior where

and domain growth requires overcoming some energy barri; . . . .
g q 9 oy tpe energy evolution is determined by the formation and

ers. The system therefore needs activation to grow crysta . . . . .
. . rowth of pinned crystal domains. In a cooling experiment it
domains, and this may lead to a nonstandard decay of t . .
i . IS then crucial how much time the system spends below the
energy as a function of time. . - .
spinodal temperature before remaining trapped in the

More precisely, according to Ref. 27 we must distinguish .
. . : asymptotic state. If we call'; the temperature where the
two classes of activated coarsening, depending on whether oF

not the maximum barriek to domain growth depends on the system regches the asymptofle*o energy valuéy t'hen' ata
linear domain sizé &(t), and therefore onitself. In the first given cooling rate the time elapsed froris, 0 Ty is given

class of systemd does not depend of(t). In this case the by t(r)=(T¢—Tsp/r. D_urlng this time _the energy of Fhe .
" . system evolves approximately as described previously in this
system evolves slowly within a time scatg~exp(BA),

: . section, i.e.,SE=At"". Therefore we haveE(r)—Egs
while for logt>logt, barriers are no longer a problem, and a T . L
S . ~t(r) " "~r” and the two regimes observed in Fig. 13 are
standard power law behavior is recovered, iE5 Egg

~t12 (we are only considering systems with nonconservedq.ommg else than a manifestation of the two regimes already

; . . “discussed for Fig. 12. The exponentorresponds to the first
order parametgr On the contrary, if the barrier to domain regime value ift<ty, that is ifr >r,, while for r<r, the

hi ional henitis | he | h .
growt is proportlona t&(t), t en it is larger t e onger the §tandard value=1/2 is recovered.
time. In this second class of activated coarsening one expecits

a logarithmic asymptotic dependence of the energy on time ) , :
?’he data regyarorljing the gnergy in Fig. 12 ShOV\?)t/hat, afte?' The bubbling and coarsening regimes
an early slow regime, the standard"? decay of the energy The two regimes we have presented above can be explic-
is recovered. This fact suggests that our model belongs to thdy related to different patterns of domain dynamics. In order
first class of activated coarsening, and that the early timéo do this we compare the different time dependence of the
regime is due to activated domain growth with a constantdomain sizet and crystal mass.>° Up to now we used both
energy barrief® The same can be inferred from the behaviorquantities as equivalent markers of crystal order, but in fact
of £(t), which has two regimes: a first in whiéhfluctuates in the growth phase their role is quite different.
around its effective zero, and a second where it increases After a quench tor <Tg, we expect that fast nucleation
with an exponent close to 1/2. will lead to an increase im due to the formation of many
The behavior of the system when we perform a coolingcrystallites, but that the typical domain siZzewill remain
experiment is consistent with the interpretation above. Theery small, actually smaller than our resolution. This picture
configurations reached at=0 for low cooling rates exhibit is confirmed by Fig. 14, where we plgtandm as a function
the typical pattern of a coarsening system and are stablef time for two different temperatures beloW,. In both
indicating that coarsening is indeed activated. Besides, if weases we see that the initial increaserois faster than that
plot the excess energyE as a function of the cooling rate  of & For T=1.0, which is quite close td4,=1.22, we can
once again we find two regimé&ig. 13: for fast coolings see a rise of only for times longer than POMCS, while for
(short tim@ we have a slow energy decay, which can beT=0.67 there is practically no increase éfup to t=10°
fitted either with a logarithm, or with a power [adE~r"”, MCS, while a clearly detectable increasenofcan be seen.
with »~0.15. On the other hand, for slow coolingsng To further support this picture we plot in Fig. 15 the
time) we find v~ 1/2, as in standard coarsening for the Isingmassm as a function of domain sizé for many different
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1

Trrrom T Therefore a propercoarsening regime starts with a
clearly increasing, andL&>a. Now domains are well de-
fined and the excess energy is concentrated in the interfaces.
These are now much thinner than the domain size and can be
T=0.67 1 considered as lower dimensional manifolds. This must give,

oo
=]
1 N

0.8

0.6 . it o1
E(t)—Egs~ 0T & (26)

0.4 7 as in standard coarseniAG®? In Fig. 15 we plot the excess

energyE(t) — Egg versusé for a number of temperatures and
times. Consistently with our conclusions, for shorter times
there is a drop in energy with basically no increasg.i®n

the other hand, fo£>0.2 the 1£ law fits reasonably well the
data, suggesting that this is the late-time coarsening regime.

0.2

!

FIG. 14. Mass and domain size as a function of time for two different

temperatures. = 100. C. Two time quantities

We now focus on the behavior of two-time quantities,
for quenches belowl,,. In equilibrium dynamics, correla-
temperatures belows,, and for different times. All these tion functionsC(t,t,,) =(A(t,)A(t)) and their associated re-
data collapse on a master curve, which shows that for shogponse function&(t,t,,) = §(A(t))/ sh(t,) (A is a generic
times (small £ and m) the crystal mass grows much faster variable anch is the field conjugate to)it depend only on the
than the domain size, whereas for long tinmastends to  differencet—t,,. This is not the case when the system is out
saturate, and start increasing rapidly. of equilibrium. The aging regime is that in which one-time
We can therefore define two time regimes for crystalquantities (such as energy or densjtyare stationary or
domain growth. For shorter times, in what we may call achange very little, but two-time quantities depend explicitly
bubbling regime, many small crystallites form at the ex- on both timeg,,, t.3
penses of a liquid background, their linear size growing very ~ An important quantity which allows to distinguish
little with time, whereas the total crystal mass grows quiteamong different kinds of aging behavidis the fluctuation—
sharply®! In this phase domains are so small that they are nadlissipation(FD) ratio,
even well defined, in the sense that their linear $izds of R(t1,,)
the same order as the widthof the interfacegor domain X=T— "W (27)
walls) among them. The excess energy is dominated by the IC(L,tw)/ dty

regions not yet crystallized, and the interfacial and domainn equilibrium, the fluctuation—dissipation theoreffDT)

contributions are of the same order. For longer times, thetates thaX= 1, while out of equilibrium the FDT is violated

largest part of the system is crystallized, so the nmasgtu-  and X depends ort, t,, in a nontrivial way. It has been

rates, and the small domains start growing one at the expeng@njectured* that during agingX depends on time only

of each other. through the correlation function, conjecture that has proved
valid in all systems studied to date. If one considers the
susceptibility, or integrated response,

x(tty,)= ftt R(t,s)ds, (28

W

which is much easier to compute numerically, then assuming
X=X[C(t,ty)] one finds from(27),

c(t,b)
X(t’tW):'BJ'cm )X(C)dC. (29

Therefore one can plggvs C at fixedt,,, and extracK from

the slope of the curve. In equilibriudd=1 and the curve is

a straight liney(t—t,)=pB[C(0)—C(t—t,)], with slope
—1/kgT. For a system out of equilibrium one finds in gen-
eral two regimes: a short time quasiequilibrium regime, cor-
responding to equilibration of fast degrees of freedom, where
the curve follows the equilibrium straight line and FDT
FIG. 15. Crystal mass as a function of the domain size parametricatly in holds; and the aging regime at larger times whe(et,)

after a quench at various temperatures. Inset, excess energy as a function@gparts from the e_qUi”brium "7_13- In par_tiCU|a_r, for Struc_tura|
the domain size. Full line, #fit. All runs are 2<1(° MCS long,L=100.  glass models studied so far via numerical simulafiofisit
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FIG. 16. Correlation function as a function oft,,, at different values of

- . FIG. 17. Parametric plot of(t,t,) vs C4(t,t,), at various values of the
the waiting timet,, . T=0.67,L=500. plot of(t,t) vs C(t.L)

waiting time t, for T=0.67, well below the spinodal temperature.
L=500. The full line represents the equilibrium relatips 8(1—C,).

has been found that after leaving the equilibrium line, the
curve follows another straight line, with small@n absolute
value slope.

To study the FD relations in CTLS we folloas has
been done before in other spin systgtfishe evolution of
the staggered magnetizatiom;& =1 are quenched, inde-
pendent random variablgs

small values of the correlation functiGf3**we would ex-
pect this same behavior whenever the dynamics is given by
growing domains with bulk equilibrium properties, separated
by sharp interfaces. However, the FD curve does not become
flat in the CTLS atT=0.67, even for our longer waiting
times. Instead, the system shows FDT violations similar to
1 those commonly exhibited by structural glass motfetdand
my(t) = Nzi 7iSi(1), (30) certain mean field spin-glasséslved by a one step replica
broken solution, one-step RSB There are two regimes: a
when adding a term-hNm to the Hamiltonian. If the field  quasiequilibrium one with slope 8 and an off-equilibrium
h is applied at timet,,, the 7-averaged susceptibility one with slope- B.5=—XB. Note that the FD curves hardly
x(tty)=my(t)/h is related to the spin—spin correlation depend ont,, at least for the times the simulations can

function’ reach.
1 Taken at face value, this result would lead to interpret
Cq(t,ty) =(Nmg(t)mg(t,)) = NZ 71 7;(Si(ty)sj(1)) this as an out-of-equilibrium glassy phase., a liquid with
ij

weakly broken ergodicity However, in the light of the dis-
1 cussion of the preceding section we known thatTer T,
= NE (si(tw)si(t)). (3D  the crystal growth dynamics proceeds through two qualita-
' tively different time regimes. Due to the extremely slow ac-
We have used fieldh=0.1kgT and h=0.1%gT, and tivated dynamics the bubbling regime can last for long, and
checked that they are within the linear regime. The resulténdeed at very low temperatures it is the only one accessible
presented here correspond to the highest field. in our simulation times. In this case, we do not expect to see
We look for aging behavior in the regioig,<T<T,, inthe response- correlation relation the FDT violations typi-

and T<Tg,. We first quench the system o=1.25(above cal of coarsening systems, since the coarsening regime has
the spinodal A plot of x vs C, for different waiting times  not yet been attained. This is exactly what happensTfor
(not shown gives a straight line with slope-1/kgT, inde- =0.67: we can check that the crystal mass for the longest
pendent ot,,, i.e., the FDT is obeyed. No aging is observed,time explored in Fig. 17 isn~0.3[Fig. 14right)], well be-
and the behavior is compatible with a system in equilibrium:low the valuem~ 0.5 that characterizes the crossover to the
this is themetastable liquidOn the other hand, a quench to coarsening regime. The 1-RSB-like FDT violation observed
T=0.67<Tg, shows aging very clearlyFig. 16. The FD  at T=0.67 thus occurs in the bubbling regime, while if we
ratio (Fig. 17 also shows very clearly that the system is outcould wait longer times we would observe a crossover to
of equilibrium. In fact, we know that the liquid is unstable at typical coarsening behavior.
this temperature, and that the crystal phase is growing. In a Since the duration of the bubbling regime is shorter for
system undergoing coarsening, like the Ising modehigher temperatures, we expect to explicitly observe an FDT
guenched below , the susceptibility rapidly saturates at the crossover to the coarsening regime at higher temperatures.
value corresponding to the low-temperature phase, becausgom the former sections we know thatfat 1.00 the cross-
the contribution of the interfaces is negligible. The correla-over from the bubbling to the coarsening regime takes place
tion function, however, continues to drop because of thet about 16—10° MCS. In Fig. 18 we plot the FD curves for
movement of the domain walls. Thus the FD curve is flat forT=1.00, and the data confirm our expectations. For short
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' ' ‘ ‘ ' ' even whenTg, is experimentally inaccessible. For example,

0'6(300 o tw=104 one woulda pr!ori think that there is a.qualit_ative diﬁgrence
i '®) s between a disordered glassy configuration, obtained by
L @) 0 t,=10 guenching a liquid, and a crystalline configuration, however
- At =10° rich in defects this is, and however slow crystal growth may
0.4 0oon v be. Also, since off-equilibrium dynamics of simple domain
xR r ijjjj growth has very peculiar characteristics one would hope to

detect crystal growth by analyzing the dynamical behavior of
the system, and in particular the pattern of FDT violations.
JAVAVAVAY What we have shown in the CTLS is that actually neither of
T=1.00 these criteria is sharp enough, and if our experimental time
L were not long enough texplicitly observe the loss of stabil-
0 0'4 : 0'6 L 0‘8 ; ity of the liquid aj[ Tsp, it would be impossible t.o make
) e ) statements about it, either by structural or dynamical means.
§ On the other hand, on shorter time scales the system exhibits
FIG. 18. Parametric plot of(t,t,) vs Cy(t,t,), at various values of the ~an Off-equilibrium behavior which is typical of structural
waiting timet,, for T=1.00, below the spinodal temperatute=500. The  fragile glasses. Indeed, we have seen that there is a long time
full line represents the equilibrium relatiop= 8(1—C). regime where FDT violations are 1-RSB like, as in most
fragile glass models studied so far, while the proper coarsen-
. i L ing regime is attained only at much larger times. Also, there
waiting times, the curves |n|_t|ally_ follow _what Seems to_ be is structural continuity between the low-temperature configu-
the path of a _1-RSB-I|ke violation. This is the bubbling rations reached via fast coolings and those approached with
phase_, _pret_endmg to be a glass. The curves depend strongly, , o, cooling rates, which means that the degree of order in
on wa_|t|ng time, and for hlghel_rw eV‘?'Ve tovyard the normal the system increases gradually: what appears as a disordered
domam-growth curvetwo ;tralght_lmgs, with slope-$ at glassy like configuration is just the beginning of a continuous
shortégmes and 0 at long timgswhich is nearly reached for process that eventually, on much longer time scales, leads to
tw=10" MCS. the crystal. The reason for this behavior is that belby
crystal nucleation is fast, but crystal growth becomes very
VI. CONCLUSIONS slow, with many crystal droplets trying to expand in a liquid

We have presented a lattice model, the deterministi®@ackground. In such a situation distinguishing between a
CTLS, which exhibits a phenomenology typical of gIasstrUl_y disordered glass and a mixture of tlny_ mismatched crys-
forming systems: it has a melting transition and a low tem-fallites pecomes very hard, and FDT violations are n'on'trlwal.
perature crystalline ground state, but it exists as a super- AN important consequence of the metastability limit sce-
cooled liquid for a wide range of temperatures; in the metalario in the CTLS is that the Kauzmann paradox is avoided:
stable supercooled phase the relaxation time increases inP£l0W Tsp the liquid does not exist in any reasonable sense,
way resemblant of typical fragile glasses and upon fast coolthus extrapolation of the excess entropy is meaningless. This

ing crystallization can be easily avoided to bring the systenvas the resolution of the paradox proposed by Kauzmann
in disordered glassy-like states. himself in his paper. While we cannot claim that this is the

The feature that makes this model particularly interest@se for real glasseand we have discussed qualitative al-
ing is that it displays a metastability limit which can be ex- érnative scenarios in terms of crystal, nucleation and
plicitly observed within the time scales available for numeri-9rowth, this system shows that Kauzmann's way out of the
cal simulations. What we have shown is that the typicalka@uzmann paradox should be conS|dered_ seriously. In the
phenomenology of fragile glass forming systems is entirelyStudy of glassy systems the crystal phase is often neglected,
compatible with the existence of a metastability limit of the @Ssuming that if crystallization is avoided &, then the
supercooled phase, even if it is plausible that, contrarily teFrystal does not play any role in the low temperature physics.
the CTLS, for many models this limit cannot be observed. AWhat this model shows is that the stability of the super-
crucial point in this regard concerns the length of experimen€00led liquid should not be taken for granted.
tal times under which measurements are performed. By defi- Finally, even if stability were to be proved not to be a
nition the supercooled liquid loses stability @, when CONCern inreal systems, this remains a cautionary note when

crystal nucleation becomes faster than liquid equilibration. Iformulating nondisordered glass models, especially on the
the equilibration time aT is much larger than the experi- lattice, which is so attractive. One can also wonder if these

mental time, however, the metastability limit cannot be Ob_considerati_ons might be_ applicable to disordered systems, or
served. Since the glass temperafliggs the lowest tempera- Systems with complexhighly degeneratelow-temperature
ture at which the system is equilibrated within the phases, were the sgper_cool_ed liquid could be unstable with
experimental time, this situation takes place wiep<T,.  '€SPectto a crystal in disguise.

If the system has a metastability limit, below the pseu-
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